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ABSTRACT. We compute the ring of cooperations WEZ (kq ® kq) for the very effective Hermitian
K-theory over all finite fields Fq where char(Fq) # 2. To do this, we use the motivic Adams spectral
sequence and show that all differentials are determined by the integral motivic cohomology of F,. As
an application, we compute the E1-page of the kg-resolution.
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1. INTRODUCTION

The stable motivic homotopy groups of spheres are among the most important invariants in stable
motivic homotopy theory. For F a field, the bigraded ring 7f S has many connections with both
topological and arithmetic information regarding F'. For example, it is a theorem of Morel [Mor(04]
that there is an isomorphism

S = K(F),
where Ki\/IW(F ) is the n'" Milnor-Witt K-theory of F, taken to be zero for i < 0. As another example,
take F to be algebraically closed, and let e = char(F') for F' of positive characteristic and e = 1 for F
of characteristic 0. Then there is an isomorphism after inverting the characteristic [Lev14; W(17]

(T 0S)[e™"] = (mS)le™"],

where the right hand side denotes the classical stable homotopy groups of spheres.

An extremely useful tool for computing stable motivic homotopy groups is the motivic Adams
spectral sequence. For any motivic ring spectrum E, there is an E-based motivic Adams spectral
sequence computing 7S up to some completion. Perhaps the most well studied is the HF,-based
motivic Adams spectral sequence, where HIF, is the motivic ring spectrum representing motivic
cohomology with mod-p coefficients. We will refer to this spectral sequence simply as the mASSIIf (S),
which has signature

Ep = Ext}{" My, M}) = =l

S,.
s,wp
This spectral sequence has been well studied over algebraically closed fields [DI10; HKO11a], the
real numbers [BI22], and, following the computation of the dual Steenrod algebra .A;)’ in positive

characteristic [HK(17], over finite fields [WO17].
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Another perspective which one can take to gain insight into 7£,S is by organizing the elements of
7S into periodic families. This is the heart of the chromatic approach to motivic homotopy theory.
Instead of using the mASS][J,D (S) to compute the motivic stable stems one stem degree at a time,
one can use different E-based motivic Adams spectral sequences to localize attention to an infinite
periodic family in 7, S. One downside to this philosophy is that often these spectral sequences are less
computable at the onset, and some amount of genuine work must be put into computing the F-page.
These spectral sequences take the form

B = f.,(E 9EY) = oS,

where E is the cofiber of the unit map S — E. It is often easier to compute 7%, (E ® E), known as the
ring of cooperations, and then bootstrap up to the E;-page.

While this is common practice in classical stable homotopy theory (see [Mah81; Gon98; Bea+20]),
in motivic homotopy theory this idea is rather new. For instance, the study of vi-periodicity via these
techniques is in its nascent stage (although there is work on the subject via the slice spectral sequence
due to [BIK24; KQ24]). Two motivic spectra which are good candidates for accessing v;-periodicity,
in that they contain some power of v; in their homotopy, are the very effective Hermitian K-theory
spectrum kq [AR®20] and the truncated motivic Brown—Peterson spectrum BPGL(1) [HKO01]. In
[CQ21], Culver—Quigley study the kg-based Adams spectral sequence, known as the kg-resolution,
over F = C at the prime 2. As an application, they determine the v;-periodic elements in 7C,S. In
[Mor25b], we extend the study of the kqg-resolution to the F' = R by computing the ring of cooperations
7= (kq ® kq) up to vi-torsion. In [Li+25], we are geared towards the BPGL(1)-based motivic Adams
spectral sequence. We compute the ring of cooperations and produce spectrum-level splittings over the
fields F' = C,R,F, and at all primes p where char(F,) # p.

1.1. Main Results. The goal of this paper is to extend the study of the kg-resolution to base fields
of positive characteristic. Let Fy be a finite field where char(F,) # 2. Our first result is a computation

of the ring of cooperations ﬂfi (kq ® kq) up to v;-torsion.
Theorem A (Theorem 3.10, Theorem 4.11). The mASS™ (kq ® kq) has signature

Fq Fq q
Ey = @24k,2kExtii{i3UV (My", By (K)) = 1, (kq @ kq),
k>0
where ng (k) denotes the k' integral motivic Brown-Gitler comodule. We describe the Es-page,
modulo vy -torsion, as a module over T, (kq).

Contrary to the classical, C-motivic, and the R-motivic analogues of this question, this spectral
sequence does not collapse on the Fs-page. Since Bg" (0) = M]gq, our description of the Fs-page
identifies the k = 0-summand as the Es-page of the mASS™ (kq), which also does not collapse at the
Es-page. Curiously, we make the following observation.

Theorem B (Theorem 3.16, Theorem 4.13). The differentials in the mASS™ (kq@kq) are determined
by the Extz*(ﬁ)v(ng,ng)—module structure of the Ey-page and the differentials of the mASS (kq).

The differentials in the mASS™ (kq) are themselves lifted from the mASS™(HZ) along the natural
quotient map kq — HZ. The above theorem implies that relative to the algebra Ext(;)v (ng , ng),
the only interesting part of the ring of cooperations for Hermitian K-theory is determined by the

integral motivic cohomology of F,. We are also able to use this observation to compute T (ksp)
[Lemma 3.7, Lemma 4.7].
As an application, we describe the n-line of the Fj-page of the kq-resolution.

Theorem C (Proposition 5.3, Theorem 5.4). The mASS™ (kq ® EQ%) has signature

s, f, Fy pFq Fq T—®n
Ey= P THEPEEaGEY, (M, By (K)) = 7% (kq@kq ),

1)V
KeX,
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where Ky = {K = (k1,..., kn) + kj > 1 for all j}, |K| =0 k;, and By"(K) = ®0_, By (k;). For
n =0, the differentials are given by the differentials in the mASS™ (kq). Forn >0, the differentials
are determined by the underlying module structure over the 0-line.

We view the kqg-resolution as the key tool to understanding v;-periodicity in WE: (S). In conjunction
with the R-motivic ring of cooperations computed in [Mor25b], we will use Theorem C in forthcoming
work where we analyze the kq-resolution over R and F, [Mor25a].

1.2. Organization. In Section 2, we introduce relevant background. We recall the stable motivic
homotopy category SH(F,), the motivic Adams spectral sequence, the dual Steenrod algebra and
Brown—Gitler comodules, and the algebraic Atiyah—Hirzebruch spectral sequence. In Section 3, we
compute the ring of cooperations w]fi (kq ® kq) in the case where ¢ =1 (4). In Section 4, we compute
the ring of cooperations o (kg ® kq) in the case where ¢ = 3 (4). Many of the arguments in Section 3
carry over directly to Section 4, but the particular details of the algebra involved are quite different.
As such, we separate these cases into two sections. In Section 5, we apply our findings to deduce
results about the kqg-resolution.

1.3. Notation and Conventions.

o We let F,, denote the field with ¢ elements where char(F,) # 2.
o We work in the stable, presentably symmetric monoidal co-category SH(F,). We let S :=
Y2iSpec(Fy) 4 denote the monoidal unit and use ® := ®g for the monoidal product.

e We let H,.(—) to denote mod-2 motivic homology, and let M]g" denote the mod-2 motivic
homology of a point.

e For B any Hopf algebra over ng and M any B-comodule, we use the common abbreviation
Ext35* (M) := Exty’ My, M)

to denote the cohomology of B with coefficients in M. Note that this Ext is taken in the
category Comod(B). Typically, B will be a Hopf algebra related to the dual Steenrod algebra
AY.

e Our grading convention for Ext is (s, f,w), where s is the stem (or total) degree, f is the
Adams filtration, and w is the motivic weight. This implies that Adams differentials take the
form

d : E3bv o gLt

We also refer the the coweight, which is cw = s — w. Note that Adams differentials decrease
coweight by 1. We display all charts in (s, f) grading with weight suppressed.
e Throughout, all spectra are implicitly 2-complete.

1.4. Acknowledgments. The work presented here constitutes a part of the author’s thesis. The
author thanks their advisors, Kyle Ormsby and John Palmieri, for their patience and guidance
throughout their PhD. The author thanks J.D. Quigley for many conversation regarding kq-resolutions,
and thanks Guchuan Li, Sarah Petersen, and Liz Tatum for valuable discussions influencing this project.
The author also thanks Gijs Heuts for an inspirational talk at European Talbot 2025 that inspired
the author to include Question 5.7 and Conjecture 5.1. Finally, the author extends his gratitude to
Madeline Borowski, Jay Reiter, and Alex Waugh for their willingness to listen to the author ramble on
this topic, and thanks Cameron Winter for inspiration [Win24].

2. BACKGROUND

Throughout, let F,; be a finite field with char(F,;) # 2. In this section, we review motivic cohomology
and Hermitian K-theory, the dual Steenrod algebra, and Brown—Gitler comodules in the context of
SH(F,). Then, we describe the HF; and kg-based motivic Adams spectral sequences and outline our
plan to computing the ring of cooperations.
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2.1. Motivic cohomology and Hermitian K-theory. Spitzweck defined the integral motivic coho-
mology spectrum HZ € SH(Z) representing motivic cohomology with integral coefficients [Spil8].
The unique map f : Z — F, induces a pullback f* : SH(F,) — SH(Z); we abusively denote
HZ := f*(HZ) € SH(FF,) the integral motivic cohomology spectrum over F,. This represents motivic
cohomology in the sense that if X € Smy_, then

[X,S5"HZ)] = H*(X;Z),

where we let X also denote the motivic suspension spectrum of X. Of particular interest to us is when
X = Spec(F,). As we will be computing with the 2-primary motivic Adams spectral sequence, we are
only concerned with the 2-completion H”Y(F; Z)5 . These groups were calculated by Soulé [Sou79]:

Zo s=w=0
(2.1) H_s’_“’(IFq;Z)Q = Z/)(g* 1)y s=-1lw<l1
0 else.

Notice that H™* 7% (F; Z) = wffw (HZ), so this also calculates the homotopy groups of the integral
motivic cohomology spectrum.
There is also a mod-2 motivic cohomology spectrum HF5. By [Voe03], we have that

H™* 7 (Fy; 2/2) = mys, (HF,) := My? = (KM(F,)/2)[7],

where KM(F,) denotes the Milnor K-theory of Fy, and where |7| = (0, —1) and |KM(F,)| = (=n, —n).
Recall that Milnor K-theory K}:/I (F,) is defined as the graded tensor algebra over Z generated by the
symbols [a] in degree one for a € F{, subject to the relations [a] ® [L —a] = 0 and [a] + [b] = [ab]. Tt is
a routine exercise to show that Ki\{[ (F,) vanishes in degrees n > 2. In particular, since every element of
[ is either a square or a non square, this implies that

(K)(F,)/2) = (KN(F,)/2) = 22
To differentiate between the cases of ¢ = 1(4) and ¢ = 3 (4), we let u be any generator of K} (F,) for
¢ =1(4), and let p = [~1] be a generator of K}!(F,) for ¢ = 3 (4). Notice that if ¢ = 1 (4), then —1
has a square root in F,, hence [~1] = 0 € K}(F,), so that u is not represented by —1. Then we have
identifications:
(4)

1
3(4),

MEe — { FQ[uvTV(uz) q
? Falp,71/(p?) q
where |7| = (0,—1) and |u| = |p| = (-1, —1).

There is a Hermitian K-theory spectrum KQ [Hor05; CHN25] which is the main character of our
work. The homotopy groups WI,E,‘.Z (KQ) intertwine the classical stable homotopy of the orthogonal,
unitary, and symplectic K-groups of F,. We will only be interested in the orthogonal K-groups
KO.(F,) := m.(BO(F,)*") and the symplectic K-groups KSp, (F,) := m.(BSp(F,)"); for more details,
see [Hor05]. These are realized by Hermitian K-theory in the following way:

KOs_24(Fy) w=0(4);

F _ s—2w\Lgq )

w1 (KQ) =

@) = { el 0o

The Hermitian K-theory spectrum is an E., motivic ring spectrum [CHN25]. We let kq denote the

very effective cover of KQ [AR®20]. The ring structure on KQ lifts to kq, and the unit map S — kq
induces Morel’s isomorphism [RS?19]

e _a(S) 2 KMV(E,).

—n,—n

In particular, ngo(kq) ~ GW(F,), the Grothendieck—Witt ring. We will not need all of the details of
the very effective slice filtration (see [Ban25, Section 1] for a wonderful recollection). For the purposes
of our work, one should treat the very effective cover as an analogue of the connective cover. Indeed,
for s > 0 there is an isomorphism ﬁf"iﬂ(KQ) = ﬁf@(kq). However, we will see that the homotopy
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groups of kq do not vanish for s < 0 (an interpretation of these homotopy groups in negative stem
degrees is given in Remark 3.6 and Remark 4.5).
There are cofiber sequences of spectra:

Yhikq 5 kq — kgl,

»21%g1 2 kel — HZ,

where kgl denotes the effective algebraic K-theory spectrum, 7 is the motivic Hopf map, and g is the
Bott periodicity class [ARX)20]. Combining the last morphism of each cofiber sequence gives a map

(2.2) kq — HZ

which will feature heavily in our arguments.

Related to Hermitian K-theory is the very effective symplectic K-theory spectrum ksp, which is
defined as the very effective cover of ¥%2KQ. The homotopy groups of ksp are a shifted version of the
homotopy groups of kq, which we investigate in more detail in later sections. We note that there is a
cofiber sequence

(2.3) »4%kq — ksp — HZ

coming from the very effective slice filtration on £*2KQ. For more details on ksp and the very effective
slice tower for KQ, see [Mor25b, Section 3].

The Hermitian K-theory of finite fields was calculated by Friedlander [Fri76, Theorem 1.7]. We
display the relevant results in Table 1.

’ n modulo 8 H KO, (F,) ‘ KSp,, (F,) ‘
0 Z/2 0
1 72672 0
2 Z)2 0
3 Z)(q"tV/2 —1) | Z/(¢"TD/2 —1)
4 0 7)2
5 0 7)26 7.2
6 0 Z/2
7 Z)(g" 2 —1) | Z/(g" /2 —1)

TABLE 1. Friedlander’s calculation of KO, (F,) and KSp,, (F,), where char(F,) # 2
and n > 0.

2.2. The dual Steenrod algebra and Brown—Gitler comodules. The dual Steenrod algebra
AY = 7y (HF2 ® HIF3) was calculated in positive characteristic by Hoyois—Kelley—@stveer [HKO17,
Proposition 4.3]:

AY = ng[7(),F1,. .. ,21752, .. ]/T7
where [7;] = (2171 — 1,2¢ — 1) and [§,| = (2'*! — 2,2! — 1). The ideal T of relations is dependent on
the base field F,. In the cases we are concerned with, we have that

T — { (77 = T§¢+1) B ¢=1(4)
(77 = 7€ 1 + pTig1 + pT0Ei11) ¢ =3(4).
Note that the pair (ng,.ﬁlv) is a Hopf algebroid rather than a Hopf algebra [Rav86, Appendix A].
For n > 0, let A(n)¥ be the quotient algebra

—_omn 7277,71 2 — _ . .
‘A(n)v = ‘AV/(€1 762 PR 7£n7£n+17§n+2, ey T4, Tn42y - - - )
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There is a sub-Hopf algebra of the motivic Steenrod algebra
A(n) = (8q',8d%, ..., Sa”");
let (A // A(n))Y be the subalgebra of AV given by

_on—1

Foz2" _ — _ __= =
(A AM) =My'[6 & o Tntrs-- 1/ (T = pTivs + pTo€igy + 7€)
These subalgebras naturally arise via motivic homology: one can show that there are AY-comodule
algebra isomorphisms

H..(HZ) = (A // A0))", Hiu(kq) = (A /] A1))"

by using the long exact sequence in homology associated to the cofiber sequences [AR(?)20]
HZ 2% HZ — HF,, SY'kq 2L kq — kel.
We next introduce motivic Brown—Gitler comodules. We define the Mahowald weight filtration on

AV by setting

wt(€,) = wt(7;) = 2¢,  wt(1) = wt(p) = wt(u) =0
and letting wt(zy) = wt(x) + wt(y). This naturally extends to the subalgebras (A // A(n))Y. The
motivic Brown—Gitler comodule ng(k’) is the A(n)Y-comodule

Bfa(k) = (x € (A An))" : wt(x) < 2" ).

A key property of the Brown—Gitler comodules that we will use is the following.

Theorem 2.4. [CQ21, Theorem 3.20] There is an isomorphism of A(1)Y-comodules
(A /) AD) = P32 By (k).

k>0

The 0" Brown-Gitler comodule is given by Bg" (0) = Mg", and the first Brown—Gitler comodule
is given by ng(l) =~ Mg"{l,gl,ﬂ}. It was shown in [CQ21, Example 3.12] that there is a spectrum
HZ]E" such that

H,,(HZ.") =~ B}"(1)

as AV-comodules. Additionally, there is an equivalence of spectra up to 2-completion [Mor25b,
Proposition 3.7]:
(2.5) ksp ~ kq ® HZD;‘Z.

In general, the question of finding a motivic spectrum realizing a Brown—Gitler comodule is not simple
to answer; see [Mor25b, Remark 2.17].

There are short exact sequences of A(1)Y-comodules relating motivic Brown—Gitler comodules. We
refer the reader to [CQ21] for a proof.

Proposition 2.6. [CQ21, Lemma 3.21] There are short exact sequences of A(1)Y-comodules:
0 — 2R Bl (k) — Bt (2k) — By (k — 1) @ (A(1) // A(0))" — 0,
0 — S%2F B (k) @ Byt(1) — By (2k +1) — By (k — 1) ® (A(1) // A(0)) — 0.

Remark 2.7. In [Li+25], we define Brown—Gitler comodules using the Mahowald weight filtration on
the subalgebras (A // &(n))Y. This leads to a different family of submodules, except in the case where
n = 0.

An interesting feature in the mod-2 motivic cohomology of finite fields is that, while ng is consistent
across all fields of characteristic different from 2, the Bockstein homomorphism, which is the connecting
homomorphism associated to the coefficient sequence

0—-2Z/2—7Z/4—1Z]/2— 0,
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acts differently on H*"(F,;Z/2) depending on whether ¢ = 1(4) or ¢ = 3(4). Notice that this
Bockstein is represented by Sq' in the motivic Steenrod algebra [Voe03]. We can phrase the action of
the Bockstein in terms of the action of the motivic Steenrod algebra on ng.

Proposition 2.8. [W(17] The action of Sq* on ng is given by Sq* (1) = p. In particular, the action
is trivial if and only if ¢ = 1(4).

This implies that ng is central in AY when ¢ = 1 (4), meaning that A" is a Hopf algebra over ng.
We will often refer to the case of ¢ =1 (4) as the trivial Bockstein action and the case of ¢ = 3 (4) as
the nontrivial Bockstein action. This subtle difference makes a noticeable impact on computation and
is the reason we separate our work into distinct sections.

2.3. Motivic Adams spectral sequence. Let E € SH(F,) be a motivic ring spectrum. There is a
canonical Adams tower associated to the unit map S — E taking the form

S N WE( N 2WERE« ...

| | J

E Y- ILE®E Y 2EQE®E

where E is the cofiber of the unit map S — E. For any motivic spectrum X, we can apply the functor
Wfi (X ® —). This yields the E-based motivic Adams spectral sequence for X. By construction, the
FE-page of this spectral sequence has signature

F
E1:7T(q

o WEOET ©X) = 10 (Xp), o EpPY o B

where Xg denotes the E-nilpotent completion of X [Bou79]. Convergence is in general not immediate,
but we will only be interested in particular cases that are well-understood.

For E = kq, the resulting motivic Adams spectral sequence is called the kg-resolution. For a general
X, this takes the form

F, —Qf F,
Ey=7;,(kqa®kq " ®X) = 7. %(X).

Convergence of the kq-resolution was proven for X = S by Culver—Quigley in [CQ21, Theorem 2.1]
over any base field of characteristic different than 2. They use the C-motivic kg-resolution for the
sphere to compute the vi-periodic stable stems. We computed the Ej-page of the kqg-resolution in
R-motivic homotopy theory in [Mor25b]. The primary aim of this paper is to compute the Ej-page of
the kqg-resolution in F,-motivic homotopy theory.

For E = HFF5, the resulting motivic Adams spectral sequence will be referred to as the mASSFa (X).
In this case, since AY = wfiﬁ (HF, ® HF5) is flat as a module over M];", we are able to pass directly to
the Fs-page. The mASS™(X) takes the form

By = Ext 3P (oo (X)) = 770(X).

Convergence for this motivic Adams spectral sequence was first studied by [HKO11a; DI10]. We will
study the ring of cooperations for kq by computing the mASS (kq ® kq).

Remark 2.9. Another way to extract vi-periodicity is by studying the BPGL(1)-motivic Adams
spectral sequence, where BPGL(1) is the first truncated motivic Brown-Peterson spectrum [HKO01].
The study of this spectral sequence was initiated in [Li+25], where we computed the ring of cooperations
at all primes and over the fields C, R, and F,. The truncated motivic Brown—Peterson cooperations
actually offer a spectrum level decomposition, which is absent in the case of kq (see Remark 3.14).
However, we expect that at the prime 2, vi-periodicity will be more easily accessible by means of the
kg-resolution. It will be interesting to draw comparisons between these two parallel approaches.
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2.4. The inductive process to calculate the ring of cooperations. In this section, we describe
an inductive process to compute the Es-page of the mASSH (kq®kq). This involves a delicate analysis
of many algebraic Atiyah-Hirzebruch spectral sequences. We refer the reader to [Mor25b, Section 4]
for more details.

Observe that the mASS (kq ® kq) has signature

Ey"" = Ext3l" (Hu (ka @ ka)) = 7(1,(kq ® ka).

The Kiinneth spectral sequence
Ey = Tor"=" (.., (kq), H...(kq)) — H,.(kq® k)
collapses on the Es-page [Mor25b, Proposition 2.12], giving an isomorphism
H..(kq ® kq) = H.. (kq) ® H..(kq).

Combining this with the change of rings isomorphism [Rav86, Appendix A] coming from the isomorphism
H..(kq) = (A // A(1))Y and the Brown-Gitler decomposition of Theorem 2.4, we obtain the following
description of the FEs-page.

Theorem 2.10. [Mor25b, Theorem 4.1] The Es-page of the mASSF (kq ® kq) is given by

: oF
BT = @ Ext 1 (22 By (k).
k>0

This decomposition, combined with the short exact sequences of Proposition 2.6, allows us to
compute the Fs-page inductively. For k = 0, we have that B]g 1(0) = Mgﬁ and so the relevant summand
of the Ep-page is Ext}(})v (ng). We will review these Ext groups in the coming sections.

For k = 1, we have that ng (1) = Mg"{l,gl,?l}. The relevant summand of the F>-page may be
calculated using an algebraic Atiyah—Hirzebruch spectral sequence, denoted aAHSS(ng(l)). Filtering

Bg (1) by topological degree and letting FiBg (1) denote the subspace spanned by generators of degree
< i gives a finite filtration of the form

0 — FoBy*(1) —— F1By*(1) —— FyBy*(1) —— F3B,(1) = BE(1)

| | | |
M {[1]} 0 M {[€,]} My {[71]}

The aAHSS(ng (1)) comes from applying the functor Ext})v(—) to this filtration. This spectral
sequence has signature

s, f,w,a s, f,w Fq Fq s — s, f,w Fq
Eq d = EXtAJ(cl)v(MQ )®M2 {[1]7 [61], [Tl]} = EXtA{Dv(BO (1),

where a denotes the Atiyah—Hirzebruch filtration degree. We let «[i] denote the copy of the class

o € Extl()v (ng) in Atiyah—Hirzebruch filtration 7. The differentials in the aAHSS(Bqu(l)) are of
the form

. s, f,w,a s—1,f+1,w,a—r
dy: B — E7 .

Thus the d, differential lowers Atiyah—Hirzebruch filtration by r. In particular, the structure of ng (1)
ensures that each differential only takes nonzero value on one Atiyah—Hirzebruch filtration piece. By

inspection of the length of the cellular filtration on Bg (1), we have the following.
Proposition 2.11. In the aAHSS(Bg"(l)), we have that Ey = Eo.

The differentials in the aAHSS(Bg 7(1)) are determined by the cobar complex; see [Mor25b, Section
4.2]. We recall the behavior of the d; and dy-differentials.
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Proposition 2.12. [Mor25b, Proposition 4.4, Proposition 4.5] In the aAHSS(BgF“(l)), the dy-
differential is determined by

di(af3]) = ho[2],
and the do-differential is determined by

do(a]2]) = hia0].

Since the differentials in the aAHSS(ng(l)) are linear over Ext()v (M37), these formulae com-
pletely determine the dy and ds-differentials. By inspection, the only possible nonzero ds differential is
between Atiyah—Hirzebruch filtrations 3 and 0, and will be given by the Massey product

d3(a[3]) = <Oé, ho, h1>[0]
We will see that the nontriviality of this differential depends on whether or not ¢ = 1(4) or ¢ = 3 (4).
With the computation of Ext}()v (ng(l)), we may proceed to calculate the rest of the Fa-page of

the mASS™ (kq ® kq) by using the short exact sequences of Proposition 2.6. Since we are primarily

interested in using the kg-resolution to determine the vi-periodic elements in ﬂfiS, we will compute
the Es-page modulo vi-torsion, which makes the presentation of our computations significantly more
concise.

Following these calculations, we will be prepared to compute the ring of cooperations. First, using
Equation (2.1), we will compute the mASS¥*(HZ). Using the quotient map kq — HZ, we will lift the
differentials to the mASS™ (kq), where we are aided by Friedlander’s calculations of the Hermitian
K-theory of finite fields. Then, using the kq-module structure on kq ® kq, we will be able to determine
the differentials in the mASS™ (kq ® kq).

Remark 2.13. It is worthwhile to note that, unlike in the classical, C-motivic, and R-motivic cases,
the mASS™ (HZ) has room for potential differentials. In fact, by the isomorphism
moi(HZ) =2 H™5 7 (Fy; Z)

and the content of Equation (2.1), we will see that there must be infinitely many differentials. Lifting
along the quotient map kq — HZ shows that there are infinitely many differentials in the mASS¥ (kq),
and these also persist to the mASSF (kq ® kq).

3. TRIVIAL BOCKSTEIN ACTION

In this section, we compute the ring of cooperations ﬂfi (kq®kq) in the case where there is a trivial
Bockstein action on Fy, that is, when g = 1(4). We first describe the mASS 1 (HZ), then show that
the differentials lift to the mASSF (kq), completely determining the behavior of the spectral sequence.
After calculating the structure of the Fa-page of the mASSF (kq ® kq) as a module over the Es-page
of the mASS (kq), we are able to lift differentials again, determining the spectral sequence and the
ring of cooperations.

3.1. Integral homology. We begin by computing the mASSFs (HZ). This spectral sequence has
signature
By = Ext%]" (H,.(HZ)) = nte,(HZ).
Recall that there is an isomorphism of AY-comodules H,.(HZ) = (A //A(0))". This allows us to
rewrite the Es-page of using a change of rings isomorphism as
S, Jyw ~ S, Jw IFq
Ext il (A [/ A(0)Y) = Bxt i, (M,?).
This Ext group was calculated by Kylling to be [Kyl15, Theorem 4.1.2]
Bty (M3") = Folu, 7, hol /().

where |hg| = (1,0,0). We depict this Es-page in Figure 1. Note that all charts are depicted in
(s, f)-grading, and that motivic weight is suppressed.
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-2 -1 0 1

koK

FIGURE 1. Ext}(o)v (MH;‘*) for g =1(4). A e denotes Fo[7r]. A vertical line represents
multiplication by hg, and a horizontal line represents multiplication by wu.

We now determine all of the differentials in the spectral sequence.

Lemma 3.1. [Kyl15, Lemma 4.2.1] Let ¢ = 1(4). The differentials in the mASS™ (HZ) are
determined by

dl’2(¢1*1)+l/2(i) (TZ) = ’U'Ti_lh(?(qil)JrVQ(l)'
Proof. Since wng(HZ) & 7, any element in ES'? must be a permanent cycle for all f > 0. This
implies that 1 and all powers of hg are permanent cycles. Thus, if a class x supports a differential,
then = must be divisible by 7. Suppose that ¥ is not divisible by 7 and that = = 7%y for some k > 1.
Then by the Liebniz rule, for any » > 0 we have

dr(z) = dr(y)Tk + ydr(Tk) = ydr(Tk)'

Thus all differentials are uniquely determined by their value on 7. Moreover, ﬂ'gf_n(HZ) = 0 for
any n > 1, so there can no 7-divisibility in stem 0 on the E,-page. The particular values for the
differentials are then a simple consequences of Equation (2.1) combined with the fact that Adams
differentials preserve motivic weight. O

To illustrate te behavior of the differentials in the mASS™(HZ), we give an example.

Example 3.2. For example, take ¢ = 5. We have that 7TIE517_1(HZ) & 7,/4, which implies that the
class uh? is the class in stem —1 and weight —1 of lowest Adams filtration which must be the target
of a differential. Since 7 must die, this forces the differential da(7) = uh3. The Liebniz rule then
determines all dy-differentials on odd powers of 7. Similarly, we have 7{51772 (HZ) =2 Z/8, so we must
have that d3(72) = urh}, and the Liebniz rule determines all d3-differentials on 72" for n odd.

We depict the F-page in the case of ¢ =5 in Figure 2. An empty o denotes Fy. A class labeled
with 7" indicates the first nonzero power of 7 which exists in that particular bidegree (s, f). An

empty class with k circles around it indicates T2k-periodicity. For example, in bidegree (—1,2) we have
Fo{p7Th3}[7?], and in bidegree (—1,3) we have Fo{pr2h3}[74].

3.2. Hermitian K-theory. We now compute the mASS™ (kq). This spectral sequence has signature

E2 = EXt;{’w(H**(kq)) — Wg’qw(kq).

Recall that there is an isomorphism of AY-comodules H..(kq) = (A //A(1))Y. This allows us to rewrite
the Es-page using a change of rings isomorphism as

BG4 AL) = B ).
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-2 -1 0 1

FIGURE 2. The E.-page of the mASS™ (HZ) for ¢ = 5. A e denotes Fy[r]. An

empty o denotes Fo. An empty class with & circles around it indicates TQk-periodicity.
A vertical line represents multiplication by hg, and a horizontal line represents multi-
plication by u. See Example 3.2 for more details.

This Ext group was calculated by Kylling to be [Kyl15, Theorem 4.1.2]:

*okk IF FQ[uvTv hOvhlvavb]
3.3 Ext v(My?) = ,
(3:3) <0A 00 M) = T 7T, a, a® = 20)

where |ho| = (1,0,0), |h1| = (1,1,1), |a] = (4,3,2), and |b] = (8,4,4). We note that this bares similarity
to the C-motivic analogue [Hilll]:

]FZ [7—7 hOa hla a, b]
(hohl, Th%, hla, CL2 = h%b) ’

Exty(yv (M3) =

with generators in the same tridegree as in Equation (3.3). Indeed, there is an abstract isomorphism
*okk Foy ~ sokok F
(3.4) Extyv (M) = Ext’y(hyv (MS) @ My".

We depict this Fs-page in Figure 3. Be aware that the notation is slightly different than that of
Figure 1 in that we suppress u-multiplication. In particular, the pair of hg-towers in Figure 1 appears
as a single ho-tower in Figure 3.

We will now show that we can lift the differentials from the mASS®s(HZ) to the mASS™ (kq); see
also [Kyll5, Section 4.2].

Proposition 3.5. Let ¢ = 1(4). The differentials in the mASS™ (kq) are determined by the differen-
tials in the mASS™ (HZ).

Proof. We first determine the possible Adams differentials on the generators of the FEs-page. We
see that u cannot support a differential, as Adams differentials decrease stem degree by 1 and there
are no classes in stem -2. Further, Adams differentials preserve weight. Since there are no classes
in weight 0 in stem -1, as they are all divisible by u, we cannot have any differentials on 1 or any
power of hg. If hy were to support a differential, then degree considerations force it to be of the form
dr(hy) = ThSH. However, this would imply that d,.(h1ho) = d.(h1)ho + hid,.(ho) = Th6+2, which is
impossible since h1hg = 0. Thus h; does not support a differential. Finally, the only chance for b to
support a differential is d3(b) = h7, but since the weight of b is 4 and the weight of h] is 7, this cannot
happen. So, we see that if a class x supports a differential, it must be 7-divisible.
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o 1 2 3 4 5 6 T 8 9 10 11 12 13 14 15 16

FIGURE 3. Extfq*(*l)v(ng) for g =1(4). A B denotes Fa[u, 7]/(u?), and a O denotes

Fo[u]/(u?). A vertical line represents ho-multiplication, and a diagonal line represents
h1-multiplication.

Recall the map kq — HZ of Equation (2.2). This induces a map of spectral sequences mASS 7 (kq) —
mASS"1(HZ), which is realized on Ey-pages as the evident quotient map

Fg[u T ho h1 a b]
E ts,f,w M]Fq — s Ty ) s &y
% ity M) = b i3 ha, a® = h2D)

5., F,
A1)V — Falu, 7, hol/ () = Ext o, (M),

A(0)Y

where hy,a,b — 0. In particular, this implies that the differentials on powers of 7 determined by
Lemma 3.1 lift to the mASS™ (kq). Since u, hg, h1,a, and b are permanent cycles, the Liebniz rule
determines all differentials in the spectral sequence, finishing the proof. O

Running the mASS™ (kq), we see that

4 ~ KOS* w(Fq) w =0 (4)
7TIsF,w(kq) = { KSps—zw(Fq) w=2 (4)

for s > 0, agreeing with Friedlander’s calculations given in Table 1.

Remark 3.6. By lifting differentials from the mASSF (HZ), we are able to more clearly identify the
values of WE:Iw (kq) for s < 0. The quotient map kq — HZ induces an isomorphism of motivic Adams
spectral sequence Fs-pages in stems s < 0, hence the differentials in the mASSF (kq) are isomorphic
to the differentials in the mASS**(HZ) in this range. This gives an isomorphism Wffw(kq) = Wffw (HZ)
for s < 0. More generally, there we can express the homotopy of kq in terms of HZ:

7wl (kq) = (xk,(HZ))[n, 70, 7"n% o, B : n > 0]/ (20, nev, T"na, 7", o — 48),

where |n| = (1,1), |[7"n] = (1,1 —n), |a| = (4,2), and |B] = (8,4). Note that the additional generators
7, 702 stem from the fact that 7 dies in the mASS¥*(HZ) while 77 survives in the mASS™ (kq).

3.3. Brown—Gitler comodules. We begin the inductive process of computing the Fs-page of the

mASS™ (kq ® kq). To start, we will compute Ext%;/;}, (By*(1)) by the aAHSS™(B;(1)). This

spectral sequence takes the form

0, S, [, Fq Fq e — sJ Fq
BTt = Ext3ify (M) @ My {[1], (6], [7a]} = Ext3(iY'(By" (1)
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We have discussed the differentials in this spectral sequence in Section 2.4. In particular, for a €
Ext(1)v (M%), we have that

di(af3]) = hoa2],
and

da(a[2]) = h1a|0].
There is a potential third differential between Atiyah-Hirzebruch filtrations 3 and 0, but we see that
for degree reasons this is not possible. Since the differentials are module maps over Extjl*(*l)v (ng),
this determines the spectral sequence. Hidden extensions lift in the same way as in the C-motivic case;
see [CQ21, Section 3.4]. We depict the E-page in Figure 4.

. : : : R 4
7
6
5
4
3
2
1

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

FIGURE 4. The E,-page of the aAHSS(ng(l)) for ¢ =1 (4).

In [Mor25b, Theorem 3.7], we show that there is an equivalence of spectra
ksp ~ HZ}* @ kq,

where ksp is the very effective symplectic K-theory spectrum and HZT“ is the spectrum realizing
B]g"(l) described in Section 2.2. The Kiinneth spectral sequence computing H.., (ksp) collapses, and
so the change of rings isomorphism implies that the Fs>-page of the mASST (ksp) is isomorphic to

kK

Ext’(1yv (ng(l)). However, there are differentials in this spectral sequence.

Lemma 3.7. Let ¢ = 1(4). In the mASS e (ksp), the differentials are determined by the differentials
in the mASS™ (kq) and the mASS"(HZ).
Proof. Recall the cofiber sequence of Equation (2.3)

»*+%kq — ksp — HZ.

By applying Ext A(*l)v (H.«(—)) to this cofiber sequence, we get a long exact sequence in Ext groups.
Notice that these Ext groups are the Fs-pages for the respective motivic Adams spectral sequences.
For degree reasons, the connecting homomorphism

§ : ExtS )" (Hau(HZ)) — ExtS b 0 (H (22Kkq))

is trivial. Thus, after a few change of rings isomorphisms, we have a decomposition of the Fs-page of
the mASS™ (ksp):

U Fq ~ i 5 Fq s, f, ]Fq
Ext’ifi} (By? (1)) 22 S5 Exty 3, (My)(1) @ Ext i, (M),
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where (—) denotes a shift in the Adams filtration degree. The projection ksp — HZ induces evident
quotient map on Es-pages which lift the differentials from Lemma 3.1. The inclusion ©*2kq —
ksp induces the evident inclusion on FEs-page, lifting the differentials from Proposition 3.5 to the
mASST (ksp) to this summand. For degree reasons there are no other differentials possible, finishing
the proof. O

By running the mASS™ (ksp) and comparing with Table 1, we recover the expected isomorphism
for s >4

7_‘,]I—"‘q (kSp) g{ KSps—Qw(Fq) Z

0(4);
53w KO,_ 9, (F,) 2 (4).

(4)

We also obtain an isomorphism WE:Iw (ksp) = wfj’w (kq) for s <0.
The following is immediate from our description.

Lemma 3.8. Let ¢ =1(4). There is an isomorphism

s, fow F, ~ s, fyw Fq
Ext’; i1 (By? (1)) 22 Extfi, (B (1) @ My".

Proposition 3.9. Let g =1(4). For alli > 0, there is an isomorphism

s, fw F i s, fw i
Ext’; 1, (B, (1)®7) N Ext’, 1%, (BF (1)®) o M
o~ B

v1-torsion v1-torsion

Proof. The case i = 0 was shown in Equation (3.4), and the case ¢ = 1 was shown in Lemma 3.8.
Assume the result holds for all n < i. We may calculate the Ext group in question by another
algebraic Atiyah—Hirzebruch spectral sequence. For the rest of this proof, we implicitly compute
modulo vi-torsion. By applying the functor Ext}(})v (BgF“ (1)®* ® —) to the cellular filtration of Bg“ (1),
we obtain a spectral sequence with signature

s, f,w Fq i Fq = — s, fw Fq i
Ey = Ext3(i (By" (1)) @ My"{[1], [€1], [T1]} = Exti(i (By" (D).

By induction, we can rewrite the Fj-page as
s, fow i 71 = F,
(Bxtsfi (BS()®) @ M {1, [€,], [} © M.

As our spectral sequence is induced by the same filtration as the aAHSS(Bg (1)), the differentials are
determined by the same formulae. For degree reasons, we see that there are no dz-differentials. Hidden
extensions follow as in the classical case. Since the differentials are the same as in the C-motivic case
by [CQ21, Lemma 3.36], we see that the abutment is isomorphic to
s, f,w 7 Fq
Ext3;fi (BS (1)) © My,
which is what we wanted to show. O
Theorem 3.10. Let ¢ = 1(4). For all k > 0, there is an isomorphism
s, f,w F s, /,w
EXtA{Uv(Boq(k)) ~ EXtAJ(cl)V(Bg(k)) ® M]Fq
v1-torsion a v1-torsion 2

Proof. We use the short exact sequences of A(1)Y-comodules described in Proposition 2.6. For
convenience, all Ext groups are implictly computed modulo vi-torsion in this proof. The case of k =1
was shown in Lemma 4.2. Now, suppose that the theorem is true for all 7 < k.

Suppose that k is even. There is a short exact sequence of Brown—Gitler comodules

0 sz,kng(g) N ng(k;) N B]fq(g - 1) ® (A(1) // A0))" — 0.

Applying the functor Exty})v(—) gives a long exact sequence of Ext;()v (ng)—modules. We can use
a change of rings isomorphism to rewrite the cokernel in Ext:

Extyyv (B (5 — 1) ® (A(1) // A0)Y) = Bxtyijo (B (5 — 1)).
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As we are working mod vp-torsion, the connecting homomorphism must be trivial. Thus, the Ext
group in question decomposes into the Ext group of the kernel and the Ext group of the cokernel.
The Ext group of the kernel, Extjl*(ﬁ)v(E%’kBg“(g)), is handled by the induction hypothesis. A
simple computation in shows that the Ext group of the cokernel consists solely of a direct sum of
Fo[u, T, ho]/(u?) indexed along the generators of B[fq(g —1) as an A(0)Y-comodule. In other words,
since these summands are in the same stem as their C-motivic counterpart [CQ21, Theorem 3.38], we
have an isomorphism

*ok ok Fq ~ ok Fq
Exty(ov (B ' (5 — 1)) = Ext}{o)v (Bf (5 — 1)) © My".
Altogether, we have
*okk Fq ~ )k s )k Fq
Bty (B (1) & (Bxt3idy (24 BS(5)) @ Bxtii (BS (5 — 1)) M
~ ok k Fq
= Ext)i{yv (Bg (k) © My

where the last equality is due to [Mor25b, Theorem 5.6].
Suppose that k is odd. There is a short exact sequence of Brown—Gitler comodules

0 — SRR (k) @ Byt (1) = By' (k) = By (A5 — 1) @ (A(1) // A(0))" 0.

After applying Eth;{k(*l)v(*) and using a change of rings isomorphism on the cokernel, the same

argument as given above implies that the connecting homomorphism in the long exact sequence of Ext
groups is trivial modulo v;-torsion. Thus, we only need to understand the Ext group of the kernel
and the Ext group of the cokernel. The Ext group of the cokernel follows from the same style of
computation as in the previous case, giving an isomorphism
Fo/k— ~ ko C/k— F
EXt;{k(*O)v(qu(Tl - 1)) = EXtA(O)v(Bl (71 - 1)) ® MQQ.

The Ext group of the kernel may be calculated by another algebraic Atiyah—Hirzebruch spectral

sk Fq

sequence. By applying the functor Ext} i) (B, (%1) ® —) to the cellular filtration on ng(l)7 we
obtain a spectral sequence with signature

Fo ke F, =1 ., Fy/ ke F,
By = Ext3i2 (B (A51)) © M {[1], 1), Fra]) = BxtSyfis, (B (550 @ BE*(1)).

By the induction hypothesis, we have that
KKk ]Fq — ~ Kk ok — ]Fq
Exti(yv (B (551)) = EXtA(l)V(Béc(fkgl)) ® M,

The differentials are induced by the cellular filtration on Bg ?(1), so by the same argument as given in
Proposition 3.9, the differentials are the same as the C-motivic case determined in [CQ21, Theorem
3.38] and there is no room for a dz-differential. Thus the abutment is isomorphic to

KKk — ]Fq
Ext’(v (By (551) ® By (1)) @ My".
Therefore, we have
*okok F A~V *,okk — — *okk — F
Extiy (Bo' (k) = (Bxtzr (520D 0D BE(% 1) @ BE(1) @ Bxtiye (Bi (51 — 1)) @ My
~ ok F
~ Bxt’ihy (B(k)) ® M}
where the last equivalence is again due to [Mor25b, Theorem 5.6]. (]

We can be more descriptive, but we must introduce some notation. For M an (s, f, w)-trigraded
module (such as an Ext group over the dual Steenrod algebra), let 7>, M denote the truncation in
the s-degree, so that 7>, M = M for s > n and 7>, M =0 for s < n. Let E € SH(F,) be any motivic
spectrum. Whenever E has a factor of (A //.A(1))Y in its mod-2 homology, we will use the notation
Ext(1yv (E) for the Ex-page of the mASST(E). Let E™ denote the m® Adams cover of E, which is
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the mt" term in a minimal HF5-Adams resolution for E. Recall that a minimal Adams resolution is a
diagram of the form [Rav86, Definition 2.1.3]

EO ._ R EMD E® .
o L //7
LT

and applying homotopy groups to this diagram gives the mASSF (E). Here K,, :== @ HF; for a
basis B of the homology group H**(E<”>), and E™ is the fiber of the map E™™ Y — K,,_1, defined
inductively by taking E(®) := E. The group Ext*% (H,.(E™)) can be obtained by described as

Ethiyv‘-s-n,w(H**(E)g }" > 8
< 0.

One may interpret this Ext group in charts by taking the charts for Ext’V (H..(E)), relabeling the

filtration f = n-line as f = 0, and then omitting anything below this now filtration 0 line. In other

words, one slides the s-axis up to filtration f = n and truncates all information in lower filtration.
Notice that 7>, (Ext}(})v (kq™)) and 7o (Exty 1)y (ksp‘™)) have isolated non-nilpotent hy-towers

EXtZ{’w (H** (E<n> )) = {

which are not connected to an ho-tower. In these cases, we will use the modified truncation Tﬁ}l(—)
to indicate taking the truncation and then omitting out these isolated h;-towers. As an example, we
depict >4 (Ext}{)v (kq‘?)) in Figure 5 and T;Z(EX‘]Z*&)V (kq?)) in Figure 6.

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

FIGURE 5. 7>4(Ext}()v (kq?)), with an isolated h;-tower.

Definition 3.11. For i > 0, let Z{ be the Ext’(})v(Mg)-module defined as follows.
For i =0(4), let

i/2—1
78 =, (Extmv(kq<i> )) & @ TYIVEt (M),
j=0
For i = 1(4), let
(i—1)/2—1

Zf = iy (Bxtiiy (ep ™)) @ € SUU Bty (MF).
j=0
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o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

kK

FIGURE 6. Tgﬁl(ExtA(l)v (kq'®)), with no isolated hy-towers.

For i = 2(4), let
i/2—1
Zic = ’7';1274 (Ethq*(ﬁ)v (kq<z>)> (&3] @ Z4j’2jEXt:l*(T))v (Mg) ©® Ezi_2’iF2 [T]
7=0

For i = 3 (4), let

(i—1)/2—1
28 =l (B Gep ™)) @ €D BYVEXG) (V) © 22l ]/ (1)),
j=0

Corollary 3.12. Let ¢ =1(4). For all k > 0, there is an isomorphism:

seokok I L—2
EXtA(l)v (Boq(k)) P
o~ 24]674,2]6722@ M(C h - MFe

v1-torsion a(k) @jej 3 [ho] Omg My,

where a(k) is the number of 1’s in the dyadic expansion of k, and the right hand summand is taken to
be empty in the case of k = 1.

Proof. By [Mor25b, Theorem 5.6], there is an isomorphism

Ext;*(j)v(Bg(k)) k-2
o E4k—4,2k—2Z<C MC Bl

v1-torsion a(k) ® jej) 3 [ho]

The result then follows by Theorem 3.10 O

Remark 3.13. The notation in Definition 3.11, although equivalent, differs from the notation in
[Mor25b, Section 4]. We hope that this presentation in terms of Adams covers is more well suited for
generalization.

Remark 3.14. As is true over C and R, it is in this computation that we deviate from the classical
story. Mahowald is able to express the groups EXt;[*(l)\/(Bo(l)@Z) solely in terms of Adams covers of
bo and bsp [LM87]. The analogous statement in motivic homotopy is not true. If one were to express

kK

Ext’(1yv (ng(l)@) in terms of Adams covers of kq or ksp, then one would see summands of non-

nilpotent hi-towers appearing in the formulae for Z;C, reflecting that n is non-nilpotent in wfi (kq<”> )
and my¢ (ksp<">). However, these formulas do not allow for this, and indeed one can see through
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the aAHSS that such hi-towers cannot be obtained. This is the reason behind the sophisticated
truncation functors we introduced in the formulae given for Z.

3.4. The ring of cooperations. We now assemble our findings to compute wfi (kq ® kq). First, we
describe the Es-page of the mASS™ (kq ® kq).

Corollary 3.15. Let ¢ =1(4). The Es-page of the mASSF (kq @ kq), modulo vy -torsion, is given by

4k—8
By = @ Extiy (B2 B (k) = @ w2k | w2220 @ (B SYUMS[ho] | © My".
k>0 k>0 =0

Proof. The first equivalence follows from Theorem 2.10, and the second follows from Corollary 3.12. O

Notice that this description of the Es-page is as a module over the Es-page of the mASSF (kq),

that is, as a module over the algebra Extjv (ng). We leverage this to determine the differentials in
our spectral sequence.

Theorem 3.16. The differentials in the mASSF (kq ® kq) are determined by the differentials in the
mASS" (kq).

Proof. The inclusion map kq — kq ® kq induces a map of Es-pages which pushes the differentials
of Proposition 3.5 to the k = 0 summand of Ext}})v (kq ® kq). The Ext}})v (kq)-module structure
of Ext}(1yv(kq ® kq) and degree considerations lift all of the other differentials. To be precise,
each summand of the Es-page contains a submodule which is isomorphic to either Extfq*(ﬁ)v (kq) or
Ext(1yv (ksp). Let  be a generator for this submodule. Then d,(z) = 0 for degree reasons for all r as
all classes in the prior stem have motivic weight at least 1 lower than x, as they are classes of the form
ut"hg for some m,n > 0, and Adams differentials preserve weight. Letting 1 denote the generator for
Ext(1yv (k) of Ext} v (ksp), this is just the same as why d,.(1) = 0 for all 7 in the mASS™ (kq) or
the mASS™ (ksp). The rest of the differentials on this submodule are now determined by the Liebniz
rule and the underlying differentials in the Extj{"(*l)v (kq), following the proof of Proposition 3.5.

If y is a generator for any submodule of the form Fa[u, 7, ho]/(u?), then we must have that d,.(y) = 0
for all 7 as all classes in the prior stem have weight at least 1 lower than y. Thus, the Liebniz rule
implies that all the differentials will be given by the differentials in the mASS™ (HZ). Finally there
are no differentials on any ssummand of the form Fy[7] or Fa[r, h1]/(h1)? for the same reason there is

no differential on h; in the mASST (kq), following the proof in Proposition 3.5. (|

Figure 7 depicts a chart for the mASS™ (kq ® kq) in the style of [Beh+19, Figure 3.2]. Different
colors denote different summands of the Ej-page. For example, the & = 0 summand is given by
Ext}(1yv (kq). This is depicted in black, and starts in bidegree (0,0). The k& = 1 summand is given
by 2472Extf4*(*1)v (ksp). This is depicted in blue, and starts in bidegree (4,0). Since no classes which
are divisible by h; support a differential, one can interpret these charts as either the Ey-page or the
E.-page. For the Fy-page, let a e of any color with a vertical arrow denote Fo[7, u, ho]/(u?). For the
E.-page, let a e of any color with a vertical arrow denote the E.-page of the mASS™(HZ) shifted
to that tridegree. A M denotes Fa[7,u]/(u?), and a O denotes Fa[u]/(u?).
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FIGURE 7. The mASS™ (kq ® kq) for ¢ = 1 (4).

4. NONTRIVIAL BOCKSTEIN ACTION

In this section, we compute the ring of cooperations T (kq ® kq) in the case where there is a
nontrivial Bockstein action, that is, for ¢ = 3(4). We follow the same process as was done in the
previous section, and often refer to the previous section when we encounter identical proofs, but the
Bockstein action makes the particular computations in Ext more complicated in this case. In particular,
when computing over A(1)V, we display our data using multiple charts organized by coweight.

4.1. Integral homology. We begin by computing the mASS™ (HZ). This spectral sequence has
signature

By = Ext%{" (H,,(HZ)) = =i, (HZ).
Recall that there is an isomorphism of AY-comodules H,.(HZ) = (A // A(0))Y. This allows us to
rewrite the Ey-page using a change of rings isomorphism as

s, fw ~ s, faw Fq
Bxt5i0 (A // A(0))Y) = Ext5ls, (My?).

This Ext group was calculated by Kylling to be [Kyl15, Theorem 4.1.3]

oKk Fg\ ~
(41) EXtA(O)V (M2f1) = FQ[p’ T27 h07 pT]/(pza Ph07 p(pT)? (pT)2)7

where |hg| = (1,0,0) and pr is indecomposable. We depict this Fs-page in Figure 8. Note that,
although at first glance this chart looks nearly identical to Figure 8, it is much sparser in the motivic
weight degree. For example, in stem 0 there are no classes of odd motivic weight, and in stem -1 the
only classes of odd motivic weight are those of the form p72". In particular, neither of the hg towers
contain classes of odd motivic weight. To highlight the difference between these two sets of charts, we
do not depict multiplication by pr.

We now determine all of the differentials in the spectral sequence.
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-2 -1 0 1

FIGURE 8. Extjf‘(’a)v(M]gq) for ¢ = 3(4). A e denotes F3[72], and the color
denotes pr-divisibility. A vertical line represents multiplication by hg, and a horizontal
line represents multiplication by p.

Lemma 4.2. [Kyl15, Lemma 4.2.2] Let ¢ = 3(4). The differentials in the mASS™ (HZ) are

determined by

dos(g2—1)4:(7%) = pr¥ g I

Proof. The same proof as was given in Lemma 3.1 works by comparing with Equation (2.1), noting
that since 7 = 0 on the E>-page, the first class in stem 0 which must support a differential is 72. O

We depict the F-page in the case of ¢ = 3 in Figure 9, which can be deduced using the same
techniques as in Example 3.2. An empty o denotes Fs. A class labeled with 7™ indicates the first
nonzero power of 7 which exists in that particular bidegree. An empty class with k circles around it
indicates TQk—periodicity.

6 6
5 6
4 2
3
2
1
0
-2 -1 0 1

FIGURE 9. The E-page of the mASS™ (HZ) for ¢ = 3(4). A e denotes Fy[r2].
An empty o denotes Fy. A class labeled with 7™ indicates the first nonzero power
of 7 which exists in that particular bidegree. An empty class with & circles around
it indicates TQk—periodicity. A vertical line represents multiplication by hg, and a
horizontal line represents multiplication by p.
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4.2. Hermitian K-theory. We now compute the mASST (kq). This spectral sequence has signature
By = Ext " (Ho (ka) = 11, (ka).

Recall that there is an isomorphism of AY-comodules H,...(kq) = (A // A(1))V. This allows us to rewrite
the Fs-page using a change of rings isomorphism as

x5 (A A(L)) = Bt (5.

This Ext group was calculated by Kylling to be [Kyl15, Theorem 4.1.5]:

(4.3) Exti{{ﬁv (M3?) = Fa[p, 72, ho, h1,a,b,7hy, pr] /1.
The degrees and coweights of the generators are listed in Table 2, where coweight refers to the difference
between stem and weight. The ideal of relations I is described in Table 3.

Generator ‘ (s, f,w) ‘ Coweight
p (-1,0,-1) | O
hg (0,1,0) 0
ha 1,1,1) |0
b (8,4,4) |4
o7 (—1,0,-2) | 1
Th (1,1,0) 1
= (0,0,-2) |2
a (4,3,2) |2
TABLE 2. Generators for Extj{*(ﬁ)Fvs (ng) for g = 3 (4).

Relation ‘ (s, f,w) ‘ Coweight
pho (—1,1,—-1) | 0
hoha (1,2,1) 0
p? (—2,0,-2) | 0
a® + hib (8,6,4) 4
ho - Thi 4+ phy - Thy | (1,2,0) 1
h? - Thy (3,3,2) 1
o7 B3 (2,3,1) 1
p-Thyi+ hy - p1 0,1,-) 1
p-pT (—2,0,-3) | 1
72h3 + pa (3,3,1) 2
hia (5,4,3) 2
(th1)? = 72h3 (2,2,0) 2
(p7)? (=2,0,—4) | 2
Thy - pT + pT2hy 0,1,-2) |2
Thi-a (5,4,2) 3

TABLE 3. Relations for Ext}) (M5?) for ¢ = 3 (4).



22 JACKSON MORRIS

To clearly present the data of Equation (4.3), we give individual charts for each coweight modulo
2. Note that the element 72 gives a coweight periodicity operator of degree 2. Figure 10 depicts the
coweight cw = 0 (2) piece. Figure 11 depicts the coweight cw = 1 (2) piece. The notation agrees with
the notation used earlier in this section.

-2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

FIGURE 10. Extﬁ*(*l)v(ng) in coweight cw = 0(2) for ¢ = 3 (4).A e denotes Fy[72].
An empty o denotes Fy. A vertical line represents multiplication by hg, a horizontal
line represents multiplication by p, and a diagonal line represents multiplication by h;.
A dashed line indicates that multiplication by p hits a 72-multiple of the indicated
generator. For example, we have pa = 72h3, which is indicated by the dashed line
from (4, 3) to (3,3).

-2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

FIGURE 11. Ext)v (M]ZF") in coweights cw = 1(2) for ¢ = 3(4). An empty o denotes
Fy. A vertical line represents multiplication by hg, a horizontal line represents
multiplication by p, and a diagonal line represents multiplication by h;.

As in the case of a trivial Bockstein action, we can lift the differentials from the mASS"(HZ)
to completely determine the behavior of this spectral sequence. The proof follows from the same
argument given in Proposition 3.5
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Proposition 4.4. Let ¢ = 3(4). The differentials in the mASST (kq) are determined by the differen-
tials in the mASS" 1 (HZ).

As in the previous section, by running the mASSF (kq) we see that

o KOy 0y(Fy) w=0(4)
mau(ka) = { KSp,_5,(Fy) w=2(4)

for s > 0, agreeing with Friedlander’s calculations given in Table 1.

(a3

Remark 4.5. The same argument given in Remark 3.6 shows that there is an isomorphism Wf,%(kq)
Wffw (HZ) for s < 0. More generally, we can express the homotopy of kq in terms of HZ:

met (kaq) & (met (HZ) [0, 70, 702, a0, B = > 0]/ (20, na, 7na, 7%, o2 — 46).

Notice that since Th; survives the spectral sequence, the homotopy of kq will have classes of the form
77y for all n > 0, even though 7 = 0 on the Fs-page of the mASS™ (kq).

4.3. Brown—Gitler comodules. We begin the inductive process of computing the Es-page of the
mASS" (kq ® kq). To start, we will compute Extj{{il)”v (ng(l)) by the aAHSS" (ng(l)). This
spectral sequence takes the form

Fq Fq F — s Fq
B = Bl ) © MY (1] L IR} = Extiy (B (1),

We have discussed the differentials in this spectral sequence in Section 2.4. In particular, for a €
Ext()v (M%), we have that
dy(a[3]) = hoa2],
and
da(«[2]) = h1a|0].
There is a potential third differential between Atiyah-Hirzebruch filtrations 3 and 0, which we saw did

not exist for degree reasons in the case of a trivial Bockstein action on F,. However, this is not the
case here.

Lemma 4.6. Let g = 3(4). There is a ds-differential in the aAHSS(BgF"(l)) :
d3(p[3]) = (7h1)[0].

Proof. This differential is given by the Massey product (p, hg, h1)[0]. A simple computation in the
cobar complex shows that this is equal to 7h; with no indeterminacy. O

Since the differentials in the aAHSS(B(@)F ?(1)) are module maps over Ext}(})v (Mg“), this determines
the spectral sequence. Hidden extensions lift as in the previous section. Note that the d; and ds-
differentials are given by multiplication with an element of coweight 0, while the ds-differential is given
by multiplication with an element of coweight 1.

We now provide charts for the Eo-page. Figure 12 depicts the coweight cw = 0(2) piece. Figure 13
depicts the coweight cw = 1(2) piece.

The equivalence of motivic spectra ksp ~ HZ]E‘? ® kq implies that the Es-page of the mASS™« (ksp)
is given by Extjf‘a)v(ng(l)). Our computations with the aAHSS (ng(l)) show that

Fq ~ 3 sJ Fq 2 Fq
Ext’;liY, (B (1) 2 SH2Bxt} Y, (My*)(1) @ Ext’lo, (M),

The same argument as in Lemma 3.7 gives the following lemma.

Lemma 4.7. Let ¢ = 3(4). In the mASS™ (ksp), the differentials are determined by the differentials
in the mASS™(kq) and the mASS"(HZ).
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-2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

FIGURE 12. The E-page of the aAHSS(ng(l)) in coweight cw = 0(2) for ¢ = 3 (4).

: .~

-2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

FIGURE 13. The E-page of the aAHSS(B]g"(l)) in coweight cw =1 (2) for ¢ = 3 (4).

By running the mASS™ (ksp) and comparing with Table 1, we recover the expected isomorphism
for s > 4

q ~ KSps—Qw(]Fq) w=0 (4);
s (ksp) = { KO, 9, (F,) w=2

We also obtain an isomorphism ﬂffw (ksp) = W;Ffw (kq) for s <0.
We now compute the group Extjl*(ﬁ)v(Bg"(l)@). To do this, we introduce a family of trigraded

groups and use the notation described in the paragraphs preceding Definition 3.11.

Definition 4.8. For i > 0, let Z be the Ext()v (M]F )-module defined as follows.
For i = 0(4), let

i/2—1
F ok
Zi = T>21 (EXt_A(l)v kq ) @ E4J’ JEXtA(O)v (M )
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For i =1(4), let

(i—1)/2—1
F *okok i— .27 *okok Fq
7t = ;121,_2 (Extﬂ(l)v(ksp< 1>)> ® @ Z4]’2JEXJCA(0)V(MQ )-
=0

For i = 2(4), let
i/2—1
Zp =71, (Extjl*(* (kg ) @ S92 Extly v (My?) @ 2 27F, [r?].
For i = 3(4), let
(i—1)/2—1
70 =y (Bt spt™)) @ @D SUYBxyy (M) © S-S R, /().
j=0
Proposition 4.9. Let ¢ =3(4). For all i > 0, there is an isomorphism
EXt;[k(?)V(Bo (1)®)
v1-torsion

~ 7.1

Proof. The proof is similar to the proof of Proposition 3.9. The case of i = 0 was shown in Equation (4.3),
and the case of i = 1 was shown in Lemma 4.7. In the general case, consider the algebraic Atiyah-
Hirzebruch spectral sequence

By = Bxt3i% (B (1)) @ My {[1], [€,], [} = BxtSli (Bo' (1)),

The differentials are determined by the cellular filtration on Bg ?(1) in the exact same way as before,
and hidden extensions follow as in the classical case. The result follows. O

Before computing the groups Ext(} v (Bg (k)), we make a preliminary calculation.

Lemma 4.10. Let ¢ = 3(4). There is an isomorphism

k
EXt;*(B)V (B]F k)) = @ E4j72jF2 [p7 T27 h‘07 pT]/(p27 Ph07 p(pT)7 (pT)Q)
j=0

Proof. There is an equivalence of A(0)Y-comodules
k
By (k) = P =4 My
j=0
The result now follows from Equation (4.1). Alternatively, one may filter the cobar complex
Ca(oyv (B]qu (k)) by powers of p to yield a p-Bockstein spectral sequence computing the Ext group in
question. Since p? =0 € Mg", the only differential is dy(7) = pho, giving the desired structure. O

Theorem 4.11. Let ¢ = 3(4). There is an isomorphism
ok ]Fq
EXtA(1)V(Bo (k))

v1-torsion

k—2
~ - - ]Fll 47 j
s A2k 5 o @S2, o, 7] (7)),
j=0
where a(k) is the number of 1’s in the dyadic expansion of k, and the righthand summand is taken to
be empty in the case of k = 1.

Proof. The same argument as given in Theorem 3.10 works here as well. To be clear, one uses the
short exact sequences of Proposition 2.6 to induce long exact sequences in Ext groups and induction
on k, where the case of K = 1 was performed in Lemma 4.7. The result follows by noticing that, since
we are working modulo v;-torsion, the connecting homomorphism is trivial, and the class p coming

ok

from Ext ) (BllF"(k)) is v1-torsion for degree reasons. O
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4.4. The ring of cooperations. We now assemble our findings to compute wfﬁi (kq ® kq). First, we
describe the Es-page of the mASS™ (kq ® kq).

Corollary 4.12. Let g = 3(4). The Es-page of the mASS™ (kq ® kq), modulo v-torsion, is given by

k—2
By = @ Extii() (B2 By (k) = @D w2k | othA2k=2 g0 @ QSRR (1, ho, pr)/((p7)?)
k>0 k>0 7=0

Proof. The first equivalence follows from Theorem 2.10, and the second follows from Theorem 4.11. O

Theorem 4.13. The differentials in the mASST (kq ® kq) are determined by the differentials in the
mASS 7 (kq).

Proof. The same proof as was given in Theorem 3.16 works here. On each summand of the Fs-page,
there is a submodule given by an Adams cover of kq or ksp. The differentials on this submodule are
determined by the module structure over Ext(})v (M]g"). On each of the Fa[r2, hg, p7]/((p7)?), the
differentials are determined by the formulas for the differentials in the mASS**(HZ) in the same way
we determined the differentials on the Ext()v (Mg“ )-summand of the mASS" (ksp). O

Figure 14 depicts a chart for the mASS¥(kq ® kq). A e indicates an ho-tower. Note that an
ho-tower supports pr-multiplication. A [ indicates a class which supports p and pr-multiplication.
A filled isosceles triangle indicates a class which supports p, p7, and 7hi-multiplication. Any shaded
class is polynomial on 72. As in Figure 7, one may interpret this chart as either the Eo-page of the
E-page of the spectral sequence since no classes which are divisible by h; support a differential.
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FIGURE 14. The mASS™ (kq ® kq) for ¢ = 3 (4).

sokok

Remark 4.14. We expect that the formula given for Ext}(})v (Bo(k)) generalizes well, since the short
exact sequence of Brown—Gitler comodules Proposition 2.6 holds over any field with 2 invertible. We
also expect that one can produce a spectrum level splitting of kq ® kq. Such a splitting would need to
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incorporate a mix of hi-truncations of Adams covers of kq and ksp, and would need to account for the
lack of non-nilpotent h;-towers in low stem degrees.

Remark 4.15. In future work, and indeed one of our initial reasons for investigating the ring of
cooperations over Fy, we will use the computation of 7f (kq ® kq) for F = C,R,F3 to describe

22 (kq ® kq) by the methods developed in [B0)22].

5. APPLICATION TO THE KQ-RESOLUTION

We conclude by examining the Fj-page of the kg-resolution. In this section, we do not distinguish
between the cases of a trivial or nontrivial Bockstein action on FFy.
Recall that the kqg-resolution for the sphere has signature

T—®
E, = Wfif,w(kqéékq f) = m4,S.

We can determine each filtration f = n-line of the E;j-page by an extension of the techniques used for

the computation of WE,Z (kq ® kq). For each n > 0, there is a motivic Adams spectral sequence of the

form

By = Bxt3 " (Hu(kq®kq ) = 75, (kq@kq™").

We begin by decomposing the Es-page.

Lemma 5.1. There is a Kiinneth isomorphism

—®n T\n
Ho(ka®@ka ) = His(kq) @ Ha (k)"

Proof. We induct on n. The Kiinneth spectral sequence takes the form
Fq _ _
Ey = Tor's (H..(kq), Heu(kq)) = H..(kq @ kq).

Since H..(kq) = (A // A(1))Y is the Mg“—linear dual of a free ng—module, it is also free. This implies
that the spectral sequence collapes. Now, suppose the result is true for all i < n. We again have a
Kiinneth spectral sequence which takes the form

By = Tor™=" (H,, (kq © kq~" ). H,. (kq H,,(kq® kg "
2 = Tor 2 (H..(kq ® kq ); Hii(kq)) = Hix(kq@kq ).

By induction, we have a Kiinneth isomorphism on the left hand factor. Now, note that H.,.(kq) is also

free over ng, which one can see by the long exact sequence in homology associated to the cofiber
sequence

S — kq — kq.

Thus the spectral sequence collapses, giving the result. O

Note that there is an isomorphism of A(1)Y-comodules [Mor25b, Proposition 2.20]

(5.2) H..(kq) = @ =2 By* (k).
E>1

We can now deduce the Fs-page.
Proposition 5.3. The Es-page of the mASS™ (kq ®E®n) may be rewritten as

s, fiw ~ , s, f,w F
ES fiw @ 4K QIK‘EXtA{l)v(BOq(K)),
KeX,

where Ky, = {K = (ky,... . kn) : kj > 1for all j}, [K| = Y0, k;, and By (K) = ®1_, By (k;).

Jj=1
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Proof. By Lemma 5.1 and the change of rings isomorphism, we may rewrite the Fo-page as
Ext 1V (Ha (kq) @ Ha (ka)®") 2= Bxt )y (i (ka)®").
The identification of Equation (5.2) allows us to rewrite the first factor of H..(kq), leaving us with

@ Z4k1,2k1 EXtZka)v (ng (k1> ® H** (kq)®n—1).
ki>1

Rewriting the next factor of H..(kq) gives us

P st | €D BBl (B (k) © By (k) © Hee (k)" %) |
k1>1 ko>1

which we may rewrite as

P =2 B (By? (k1) © By’ (k) © Ha (k)™ 7).
K1,ka>1

The result follows by extending these techniques and rewriting all factors of H,.(kq) in terms of
Brown—Gitler comodules. U

One may easily alter the charts given in Figure 7 and Figure 14 to illustrate the mASS™ (kq ® kq),

ok

Le. the 1-line of the kq-resolution, by omiting the black Ext7)v (Mg“) summand originating in stem

s = 0. For higher Adams filtration, one may compute Ext} ) (ng (K)) by an analysis akin to the
one we give in this paper, using a combination of the short exact sequences of Brown—Gitler comodules
and algebraic Atiyah—Hirzebruch spectral sequences. In particular, while the Ext group is substantially
larger, we can still decompose it, modulo v{-torsion, into:

skokok ok

e shifts of hy-truncations Ext} ) (kq'™) and Extiyv (ksp'™),
o Ext}(o)v (HZ)-summands, and
e summands of the form (Ext v (HZ))[h1]/(ho, hY).

Note that the 0-line of the kq-resolution is 7, (kq), and so we have described the mASS™ (kq ®E®n)
as a module over the mASS 7 (kq).

Theorem 5.4. The differentials in the mASST (kq®m®n) are determined by the differentials in the
mASS™ (kq).

Proof. In the same way that we were able to determine differentials in the mASST (kq ® kq) by using

Hok ok ok

the structure of Extﬂ(l)v(ng (k)) as a module over Ext})v (ng), the map
kq — kq @ kq®" = kq ® E@L

allows us to determine the differentials in the mASS™ (kq ® Fq®n) by using the structure of
Ext(1yv (ng(K )) as a module over Ext)v (Mg"). The result follows. O

This gives an additive description of the n-line F1-page of the kqg-resolution, modulo v;-torsion, in
terms of hi-truncated Adams covers of kq and ksp, summands of HZ, and stunted n-towers. Moreover,
we have described the module structure of the n-line over the 0-line. We expect these observations to
be useful in future work on the kq-resolution.

Remark 5.5. These results are not particular to SH(F,), and they also hold in SH(R). We will use
this in our forthcoming study of the kg-resolution over R and F, [Mor25a]. In another direction, it
would be interesting to investigate the the ring of cooperations for kq in SH(Q,) .
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Remark 5.6. An interesting phenomenon encountered in this paper is that any differential in a
motivic Adams spectral sequence we have considered has been determined by a differential in the
mASS"(HZ). Similar observations were made by the author and Li-Petersen-Tatum in [Li+25]
for the mASS**(BPGL(1)) and the mASS™s(BPGL(1) ® BPGL(1)), by Ormsby in [Orm11] for the
mASSY (BPGL(n)), and by Ormsby-@stveer in [0013] for the mASSE(BPGL(n)).

Say that a 2-complete motivic spectrum E is fp if its homology H..(E) is finitely-presented as an
AV-comodule. This is a motivic analogue of the notion of fp-spectra introduced by Mahowald-Rezk
[MR99]. Examples of motivic fp-spectra include HF9, HZ, BPGL(n), kq, and mmf, the motivic modular
forms spectrum. Our observations motivate the following question.

Question 5.7. Let E € SH(F) be an fp-spectrum, where F is any field. To what extent are the
differentials in the mASS* (E) determined by the differentials in the mASS* (HZ)?

A similar question was studied by Ormsby—@stveer in the context of the slice spectral sequence
[O014], where they determined that over fields of low cohomological dimension, there is an isomorphism

7E (BPGL(n)) = (zF, (HZ))[v1, . .., vn].

In particular, this implies that the differentials in the mASS” (BPGL(n)) are completely determined
by v,-linearity and the differentials in the mASS* (HZ).

Notice that if an fp-spectrum E is additionally a ring spectrum, then an affirmative answer to the
above question implies that there is a large degree of control over the E-based motivic Adams spectral
sequence. As a particular topic of investigation, we give the following.

Conjecture 5.1. Over any field F' of low cohomological dimension, the E1-page of the BPGL(2)-motivic
Adams spectral sequence can be computed by appropriate lifts of the differentials in the mASSF(HZ),
In particular, for F = C or R, the mASSF(BPGL(2>®”) collapses on the Ea-page.

As a final note, let G be a finite cyclic subgroup of the Morava stabilizer subgroup S;,, H C G
any subgroup, and BP((G))<m> the G-equivariant truncated Brown—Peterson spectra. In recent work,
Carrick-Hill [CH25] showed that the spectra BPUD) (m)H are fp spectra for all H C G and all m > 0.
We expect an equivariant-motivic analogue, in the sense of [HKO11b], to be true. We will investigate
these ideas in future work.
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