SPLITTINGS OF TRUNCATED MOTIVIC BROWN-PETERSON
COOPERATIONS ALGEBRAS

JACKSON MORRIS, SARAH PETERSEN, ELIZABETH TATUM

ABsTrRACT. We construct spectrum-level splittings of BPGL{1)A BPGL(1) at all primes
p, where BPGL(1) is the first truncated motivic Brown—Peterson spectrum. These are
motivic lifts of Mahowald and Kane’s splitting of BP{1) A BP{1). These splittings are
given in terms of motivic Adams covers and constructed over the base fields C, R, and Fg,
where char(Fg) # p. As an application, we compute the E;-page of the BPGL(1)-based
Adams spectral sequence as a module over BPGL(1), both in homotopy and in terms
of motivic spectra. We also record analogous splittings for BPGL{0) A BPGL{0).
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1. INTRODUCTION

1.1. Motivation. The computation of the stable homotopy groups of spheres .S is a
central problem within stable homotopy theory and has motivated many significant devel-
opments in the field [Ada66; DHS88; TWX23|. The primary tool for computing 7S is the
Adams spectral sequence, which converts homological algebra related to a homology theory
into homotopy groups. Roughly, given a homology theory E, one begins by taking a sort of
injective resolution of the sphere spectrum S relative to the homology theory E. Then, by
applying totalization and homotopy groups, one gets the E-based Adams spectral sequence

[Ravst).

Perhaps the most well-known Adams spectral sequence comes from taking ordinary mod
p-homology, which is represented by the Eilenberg-MacLane spectrum HF,,. This results in
1
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the mod-p Adams spectral sequence, which takes the form
E, = Exti{g (Fp,Fp) = 75S,.

Here A; = m«(HF, A~ HF)) is the p-primary dual Steenrod algebra, also known as the
homotopy ring of cooperations for the homology theory HF,, and Ext is taken in the cate-
gory of comodules over A . This spectral sequence is particularly well suited for studying
homotopy groups from a large-scale computation perspective [LWX25|.

Another perspective on understanding 7S was first observed by Adams |[Ada66]. Consider
the mod-p Moore spectrum S/p, defined as the cofiber of S ZP, S. This spectrum has a self

map of the form XS/p 2> S/p which can then be used to construct what is known as the

a-family, a periodic family of nontrivial elements {a,,} S 7,S:
a, : RS - it /p U Ed(”fl)S/p — .- —>§/p—XS.

Chromatic homotopy organizes all of the elements of 7S into v,-periodic families inspired
by the one above [MRWT77].

One may attempt to access the v,-periodic families by means of an Adams spectral sequence.
However, the mod-p Adams spectral sequence is not well suited for this task, so one must
resort to other homology theories. For example, vi-periodicity, which is closely related to
the a-family, has been studied by using the bo-Adams spectral sequence [Mah81; |LM87;
Bea+20|, where bo is the connective cover of the real topological K-theory spectrum KO,
and the BP(1)-Adams spectral sequence |[Gon00|, where BP{n) is the n*" truncated Brown-
Peterson spectrum. For the purposes of this introduction, we will focus on the BP{n)-Adams
spectral sequence.

The trade-off for more immediate access to v,-periodicity is that these spectral sequences
are less immediately computable. The spectra BP{n) are not flat in the sense of Adams
|[Ada74], and so to study the BP{(n)-Adams spectral sequences, one must begin by analyzing
their Fh-pages. This takes the form

Ey = mas j(BP() A BPY) = 7,8,

where BP{n) is the cofiber of the unit map S — BP{(n). Key to working with this spectral
sequence is an understanding of the homotopy ring of cooperations 7, (BP{n) n BP{(n)).

For n = 0, a model for BP{0) is HZ ). The homotopy ring of cooperations
mx(BP{0) A BP{0)) was first studied by Cartan [Car55|, and it was shown by Kochmann
[Koc82] that there is an isomorphism up to p-completion

7o (BPOY A BPOY) = Z, ® W,

where W is a graded F),-vector space. It is well-known that this splitting can also be realized
on the level of spectra.

For n = 1, a model for BP(1) is £(;), the p-local connective Adams summand. The coop-
erations algebra 7, (BP{1) A BP{1)) was first described in terms of Brown-Gitler spectra,
with Kane and Mahowald [Kan81; Mah81| showing that up to p-completion,

BP(1) A BP(ly ~ \/ 2*P"D¥BP1) A HZ,
k=0



SPLITTINGS OF TRUNCATED MOTIVIC BROWN-PETERSON COOPERATIONS ALGEBRAS 3

where the spectra HZ, are the integral Brown—Gitler spectra [GIJMS86|. Lellman and Davis-
Gitler-Mahowald subsequently reinterpreted this splitting in terms of Adams covers [Lel84;
DGMB8I|, showing that up to p-completion,

(1.1) BP(1) n BP(ly ~ \/ S2¢- VBP0 v,
k=0

where BP{1)(™ denotes the n*" Adams cover for BP{1) in a minimal HF,-Adams resolution
and V is a sum of suspensions of mod-p-Eilenberg-Maclane spectra. This spectrum-level
splitting of the cooperations algebra, combined with the homotopy ring of cooperations,
makes computing with the BP{1)-Adams spectral sequence much more tractable.

In the last 15 years, much of the advancement of the computation of 74S has come through
the lens of motivic homotopy theory, which is a homotopy theory for smooth schemes over
a base scheme S [Voe98a; Mor12]. Originally created to solve algebro-geometric problems
using homotopical techniques, it has also been extremely valuable as a way to study the
classical stable homotopy category (see for instance [Pst23]). In particular, much has been
gained out of the study of motivic homotopy theory over the affine schemes S = Spec(F)
for F a field [IWX23; BBX25|. Many of these advancements have come from a large-scale
computation perspective by computing with the motivic HIF,-Adams spectral sequence,
particularly at the prime p = 2.

The classical v,-periodic layers of the stable homotopy category lift via the algebraic cobor-
dism spectrum MGL, a motivic analogue of the complex cobordism spectrum MU |[LMO07].
This enables one to study v,-periodicity in the context of motivic homotopy theory. For
n = 1, there has been some work in this direction. In |[CQ21|, Culver—Quigley use an ana-
logue of the bo-Adams spectral sequence to compute the C-motivic vi-periodic stable stems.
In [BIK24] (resp. [KQ24|), Belmont-Isaksen-Kong (resp. Kong—Quigley) use different tech-
niques to compute data related to the R-motivic (resp. F, and Q,-motivic) v;-periodic stable
stems. In [Mor25a; Mor25b)|, the first author computes the homotopy ring of cooperations
for a motivic analogue of bo over R and I, where char(IF,) # 2. All of these computations
are performed at the prime 2, and none of these results produce spectrum-level splittings.
A principal obstruction to producing spectrum-level splittings is that, at the present, there
is no construction of motivic Brown—Gitler spectra.

Related to the algebraic cobordism spectrum are the truncated motivic Brown-Peterson
spectra BPGIL{n), which are motivic analogues of the classical spectra BP{n). In this
paper, we initiate the study of the BPGL{(n)-motivic Adams spectral sequence. We begin
by computing the homotopy ring of cooperations in the cases where n = 0 and n = 1 at all
primes and over a variety of base fields. In fact, we are able to give spectrum-level splittings
of the cooperations algebra.

1.2. Main results. The main result of this paper is a lift of the splitting of Equation (1.1
to motivic spectra.

Theorem 1.1 (Theorem|[5.25). Let F' € {C,R,F,} and let p be any prime, where char(F,) #
p. There is a splitting of p-complete motivic spectra

BPGL(1) A BPGL(1) ~ \/ =D Ae=D BpG L)) v v
k=0
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where BPGL{1)¥» () s the v, (k" - Adams cover in a minimal HF,-resolution of BPGL(1),
and V is a wedge of suspensions of HF,,.

A similar splitting has been shown in the Cs-equivariant category at the prime p = 2 for
kug A kug by the second and third authors in |[LPT25a, Corollary 6.15]. They use their
results to prove the F' = R and p = 2 case of our theorem |[LPT25b, Corollary 6.18].

Our proof requires the development of several new techniques in motivic homtopy theory. In
particular, we introduce the relative Adams spectral sequence in motivic homotopy theory,
give a Whitehead theorem for motivic Margolis homology, and compute the £(1), -comodule
structure of motivic integral Brown—Gitler comodules.

We deduce these splittings in the absence of motivic Brown—Gitler spectra, for which no
construction is currently known. Note that at the prime 2, BPGL(1) is the effective (2-local)
algebraic K-theory spectrum kgl, and at odd primes BPGL(1) is the connective (p-local)
Adams summand m¢ [NSO15|.

In addition to this spectrum-level splitting, we compute the homotopy ring of cooperations.

Theorem 1.2 (Theorem[5.10). Let F' € {C,R,F,} and let p be any prime, where char(F,) #
p. Then there is an isomorphism.:

T4 «(BPGL(1) A BPGL(1))
=@ ((WQ*BPGL@»{»TO, Ty, (k)—1} ® (g W BPGL{)){xy, 1)} ®Wk>,
k=0

with relations vix;—1 = 2x;, where |z;| = (2i(p—1),i(p—1)) and Wy, is a sum of suspensions
F
of my «HFp.

Another immediate corollary of our spectrum-level splitting is a description of the operations
algebra BPGL(1)* BPGL(1), given in Theorem

Just as at the spectrum level, a similar computation has been shown in the Cs-equivariant
category at the prime p = 2 for ﬂﬁik (kur A kugr) by the second and third authors in [LPT25a].
They use their results to prove the F' = R and p = 2 case of our theorem |[LPT25a, Corollary
6.17].

Using our results, we are able to completely identify the Fj-page of the BPGL(1)-based
motivic Adams spectral sequence.

Theorem 1.3 (Corollary|5.33). Let F' € {C,R,F,} and let p be any prime where char(F,) #
p. Then the n-line of the BPGL{1)-motivic Adams spectral sequence can be described as

EFt @ ((WQ*BPGL@»{%,...,a;m_l}@(wﬁ*BPGL<1>){xm}@W1),

IeZ,
where L, = {I = (k1,...,kn) 1 kj = 1 foralll < j < n}, m = vp(k!) + - -vp(kn!) for
(k1,...,kn) =1 €Z,, and Wy is a sum of suspensions of Wi*HFp,

This describes the n-line of the spectral sequence as a module over the O-line.

We also record an analogous spectrum level splitting in the BPGL{0) case.
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Theorem 1.4 (Theorem[£.7). Let F € {C,R,Fy} and let p be any prime, where char(F,) #
p. There is a splitting of p-complete motivic spectra

BPGI{0) A BPGI{0) ~ BPGL{0) v V

where V is a wedge of suspensions of HIF,.

As in the BPGL(1)-case, we also compute the homotopy ring of cooperations (Theorem 4.6]).
We remark that a model for BPGL{0) is the (p-local) integral motivic cohomology spectrum
H7Z, and so our results may be interpreted as a motivic lift of Kochman’s results [Koc82].

Finally, we show that the mod-p homology of all truncated Brown—Peterson spectra splits
as an &(n), -comodule into a wedge of sums of Brown-Gitler comodules

Theorem 1.5. For alln >0, There is an £(n), -comodule isomorphism

Hy «BPGL(n) =~ @ Se-D*e=lp (k).
k=0

Our results in motivic homology allow for one to access heigher height invariants. In par-
ticular, combined with the Kiinneth isomorphism for the mod-p homology of truncated
motivic Brown-Peterson spectra Proposition [3:3] and a change-of-rings isomorphism, this
allows one to decompose the Fs-page of the motivic Adams spectral sequence computing
Tk «(BPGL{n) n BPGL{(n)) for any n > 0.

1.3. New directions.

1.3.1. BPGL{1)-based motivic Adams spectral sequence. This paper begins the study of the
BPGL(1)-based Adams spectral sequence. We expect this spectral sequence to be useful
for a myriad of purposes, some of which we outline below.

First, our thorough description of the E;-page of the BPGL(1)-based motivic Adams spec-
tral sequence gives us much control on its vi-periodic and wvp-torsion summands. Using
techniques similar to those used in [Bea+20] will allow for large scale computations of the
motivic stable stems. The C and R-motivic stable stems have been well studied at the
prime 2 (see [TWX23; BI22|), but not as much work has been done at odd primes over any
field. We expect this spectral sequence will make new contributions to odd primary motivic
stable stem computations and extend @stveer—Wilson’s computations of wE?*S over finite
fields [WQ17] at the prime 2.

Second, as is true in the classical case [Gon00|, we expect that the BPGL(1)-based motivic
Adams spectral sequence has a vanishing line which allows one to identify v;-periodic ele-
ments in 7£,S. At the prime 2, one may compare these elements with those detected by
the kg-resolution. At odd primes, less is known about vi-periodicity in motivic homotopy
theory. Similar to the work of Bachmann—Hopkins at the prime 2 [BH21|, one can show that
there are motivic Adams operations " on BPGL(1) for all n € Z. Let q be a topological
generator for Z). Motivated by [BR22|, define the odd primary image of J spectrum j by
the fiber sequence

j — BPGI(1) L= s20-1»-1 B pGI(1).
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The motivic homotopy groups of j are closely related to the vy-periodicicity in 7r£ S. We
expect that 7rf,i «J appears in the 0- and 1-line of the E-page of the BPGL{1)-based Adams
spectral sequence.

Finally, the BPGL(1)-based motivic Adams spectral sequence will be a useful tool in an
analysis of motivic analogues of the height 1 telescope conjecture at odd primes. Though
the classical telescope conjecture is false at all primes and all heights n > 2 |Bur+23|, at
the height 1 it is true[Mah81} [Mil81]. In motivic homotopy, one can show that there is a
vy-self map on the motivic Moore spectrum S/p of the form

vy : R2e=DPElg s S/,

One may then invert v; in two different ways, either prior to or after taking homotopy
groups, and it is thus natural to compare Wi*(vl_lS/p) and vflwi*(S/p). Using an odd-
primary analogue of the localization sequence of [BOQ23| and the BPGL{1)-based motivic
Adams spectral sequence for S/p, we believe that one may be able to explicitly compare
these two homotopy groups and determine the validity of this height one motivic analogue

of the telescope.

1.3.2. Generalization to other base schemes. The methods developed in this paper may be
applied to compute the homotopy ring of cooperations ﬂi* (BPGL{1) A BPGL(1)) and pro-
duce a splitting of the cooperations algebra BPGL{1) A BPGL(1l) over any base field, so
long as one has a computation of Ext;(fl)l; (Mg , Mg ). A natural place to extend these com-
putations, then, is over the p-adic rationals @, and the rationals Q, as the aforementioned
Ext computations were performed by Ormsby [Orm11]| and Ormsby—Ostveer |[OQ13].

In an orthogonal direction, there is an interesting technique that allows one to compute mo-
tivic homotopy groups without any knowledge of homological algebra over the dual Steenrod
algebra, i.e. circumventing the Adams spectral sequence. For any prime ¢ # p such that
¢ # 1(p?), and any motivic ring spectrum E € SH(Z[1/p]), work of Bachmann-Q@stveer
[BO22| produces a pullback of (ordinary, p-complete) spectra

E(Z[1/p]) — E(R)
|
(C

E(F,) —— E(C)

where E(F) = mapp (S, E) is the ordinary spectrum of maps from the F-motivic sphere to
the pullback of E along the canonical map Z[1/p] — F. Our results allow for one to use
this square to deduce the Ej-page of the Z[1/p]-motivic BPGL(1)-based Adams spectral
sequence. This enables one to study vi-periodicity over a more arithmetic class of base
schemes. This is particularly enticing as there are currently no computations in homological
algebra over the Z[1/p]-motivic Steenrod algebra. It would also be interesting to use a
variant of this square to generalize the spectrum-level splittings we produce.

We also anticipate that there is a technique to compute the homotopy ring of cooperations
7k «(BPGL(1) A BPGL(1)) over a broad class of base fields of small cohomological dimen-
sion using slice theoretic techniques. These techniques would eschew the Adams spectral
sequence from our analysis, and would instead use the effective slice spectral sequence in a
manner similar to Ormsby-Ostvzer |[0014].
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1.3.3. Higher heights. One of the implicit takeaways of our results is that the F;-page of the
BPGI{1)-based motivic Adams spectral sequence is only slightly more complicated than
its classical analogue, with complications determined by the motivic cohomology of the base
field with integral coeflicients. We expect this thread of ideas to extend to higher chromatic
heights. In particular, moving up to height 2, we expect that much of the prior work on the
BP{2)-based Adams spectral sequence (for example, see |Cull9; |Cul20]) generalizes quite
nicely to the BPGL(2)-based motivic Adams spectral sequence. This spectral sequence
would offer a glimpse into wvo-periodicity in the motivic stable stems. For F© = R and
p = 2, we expect that these computations would also inform one about vs-periodicity in the
Cs-equivariant stable stems.

1.3.4. Exotic Periodicity. As another implication of our work, we see that generalized mo-
tivic Adams spectral sequences are highly computable tools which allow one to access v,,-
periodicity. We describe now a related approach that captures richer structure in 7T(,E7*S.

An interesting feature of motivic homotopy theory is the failure of Nishida’s nilpotence
theorem. Classically, Nishida’s theorem informs us that any positive degree element of 74S
is nilpotent. Motivically, we see that this fails drastically. For instance, the Hopf map
7 € m1,1S is non-nilpotent [Mor04], leading to interesting n =: wo-periodicity in the motivic
stable stems. Now, let F' = C and p = 2. It was shown by Andrews [And18| that there is a
self map of the cofiber of 7 of the form

wi: R2012g iy S/,

Parallel to how the v{-self map of S/2 allows one to study v;-periodicity, this w;-self map
allows one to study wi-periodic phenomena in WE’*S.

C-motivic homotopy theory also benefits from an interpretation via BP-synthetic spectra
|[Pst23]. There is an element 7 € ﬂ'g_lS which acts as a deformation parameter between
classical homotopy theory, cellular C-motivic homotopy theory, and the category of derived
even BP,BP-comodules. This can be summarized by the following diagram.

o —AS
Sp <7 SH(C)elt 2¥% peven(Bp, BP).
This recasts the category of S/7-modules as an algebraic category related to classical ho-
motopy theory, as we may interpret any B P, BP-comodule as a C-motivic spectrum over
S/7. This is motivated by the close relationship with the classical Adams—Novikov spectral
sequence shown by Isaksen [Isal9|, in that there is an isomorphism

TS/ = Extyp, 37 (BPy, BP).

In [Ghel8|, Gheorghe used this approach to construct S/7-modules denoted wBP{n) whose
homotopy groups are

WE’*U)BP<H> = Fawo, wy, ..., wy].
We may treat these spectra in a similar way to how we use the spectra BPGL{n). There
is a S/7-linear wBP{n)-based motivic Adams spectral sequence, completely internal to the
category of S/7-modules, which takes the form

Eis,f,w _ 7T§+f)w(1UBP<’I’L> Ag/r wBP<n>/\S/Tf) _— ﬂ-SwS/T'

The analysis of this spectral sequence gives another way to compute the Fs-page of the
classical Adams—Novikov spectral sequence. In particular, just as the BPGL{n)-motivic
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Adams spectral sequence detects vi-periodicity in the stable stems, we expect the 0- and
1-lines of the wBP{(n)-based S/7-linear motivic Adams spectral sequence to detect w,,-
periodicity in the cofiber of 7, and hence in the Adams—Novikov. By pulling back along
the quotient map S — S/7, one can then lift these periodic classes to the C-motivic stable
stems. Moreover, we expect this spectral sequence to be simpler to compute with than the
BPGIL{n)-based motivic Adams spectral sequence, as is evident from the simpler form that
the homotopy groups of wBP{n) take.

In the case of n = 1, the wy-periodicity detected by the S/7-linear wBP{1)-based motivic
Adams spectral sequence can be compared with the w;-periodic families studied by Isaksen—
Kong-Li-Ruan—Zhu [Isa+25|. For n > 2, this technique offers a first glimpse into higher
exotic periodicity.

1.4. Organization. In Section [2| we recall salient facts in motivic homotopy theory. We
review the motivic spectra BPGL{n), discuss the dual Steenrod algebra, relative homology,
and various Adams spectral sequences which feature in our arguments. In Section [3] we
make several homological computations. First, we compute the BPGL{0)- and BPGL{1)-
relative dual Steenrod algebras and deduce a Kiinneth isomorphism for the homology of
truncated motivic Brown—Peterson spectra. Then, we interpret the £ (n)g -comodule struc-
ture of Hy « BPGL(n) in terms of Brown—Gitler comodules, prove a Whitehead theorem for
Margolis homology over £(1),, and introduce motivic lightning flash modules. In Section
we compute the homotopy ring of cooperations . . (BPGL{0) A BPGL{0)) and construct
a spectrum-level splitting of the cooperations algebra. In Section [f] we compute the ho-
motopy ring of cooperations 7y x(BPGL{1) A BPGL(1)) and construct a spectrum-level
splitting of the cooperations algebra in terms of motivic Adams covers for BPGL{1). Then,
we apply our results to compute the E;-page of the BPGL(1)-based motivic Adams spectral
sequence.

1.5. Notation.

(1) Let H be the spectrum representing motivic cohomology with F, coefficients.

(2) Let M := «f ,H. When clear from context, we will omit the superscript F'.

(3) Let A denote the motivic dual Steenrod algebra, and let £(n), its associated
subalgebras. Generally, the field F' will be clear from context.

(4) Let Ay denote the topological dual Steenrod algebra, and let E(n); denote its
associated subalgebras.

(5) All Ext groups are graded via stem, Adams filtration, and motivic weight, denoted
(s, f,w).

(6) For B any M,-algebra, the Ext group Ext;f (M) is shorthand for
Ext$"" (M, M).

(7) All charts are written in (s, f) grading with motivic weight suppressed.

(8) Motivic lightning flash modules (Deﬁnition are denoted L, (k). Classical topo-
logical lightning flash modules are denoted Ly (k).

(9) Let = denote equivalence up to a unit in M),.

(10) Let mASSfj (X) denote the F-motivic HF,-based motivic Adams spectral sequence

for a spectrum X. When a statement is made agnostic of base field, we will omit
the superscript F.
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2. MOTIVIC PRELIMINARIES

In this section, we review stable motivic homotopy theory. We introduce the motivic spectra
which feature in our work and discuss the complexities that arise in their homotopy groups
as one varies the base field. This leads to different structure in the motivic homology of a
point and the dual Steenrod algebra depending on choice of base field. Following this, we
discuss the BPGL(1)-based and HIF,-based motivic Adams spectral sequences. To close
this section, we introduce relative homology and the relative Adams spectral sequence in
the motivic setting.

2.1. Motivic spectra and the dual Steenrod algebra. For S a scheme, we let SH(S)
be Voevosdsky’s motivic stable homotopy category [Voe98bl Def. 5.7| [Jar00]. Recall that
this is triangulated, and has a compatible closed symmetric monoidal structure given by the
motivic sphere spectrum S = %S, | the smash product pairing — A —, the twist isomorphism
~ and the function spectrum F(—, —). As we will be primarily be working over affine schemes
of the form S = Spec(F’), we will instead use the notation SH(F) := SH(Spec(F)). We
will refer to F' as the base field.

Let SP4 = (S1)"P=4 A (A'—0)"9, where S* denotes the constant simplicial circle and (Al —0)
is the image of the smooth F-scheme under the Yoneda embedding. For = € 7, 4(X), where
X is a motivic spectrum, we refer to p as the topological or stem degree and ¢ as the weight
of x.

Let H = HTF, be the motivic Eilenberg-MacLane spectrum representing motivic cohomology
with coefficients in IF,,. It is a commutative ring spectrum, with unit map 7 : S — H and
product p: H A H— H.

Let M, := 7y «(H) = H™*~* denote the mod-p motivic homology and cohomology groups
of the base field F'. When working over a particular ring F', we will denote this by Mg .
Note that the cup product induced by p gives M, the structure of a bigraded commutative
F,-algebra. The calculation of Mff for F' a field is due to Voevosdky and is deeply related
to Milnor-Witt K-theory [Voe03a]. We give a few examples below, citing references for our
particular choice of notation.

Example 2.1. For F = C, we have M = F,[7], where || = (0, —1) for all primes [Voe03b].

Example 2.2. For F = R, we have M5 = Fy[p, 7] for |p| = (=1,-1) and || = (0,—1)
[VoeO3a, while for odd primes we have M} = F,[6], where |0] = (0, —2) [GR23].
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Example 2.3. For F' = F, a finite field, the structure of Mg“ is more complicated. For
char(FF,) # 2, let 7 € ua(F,) be a second root of unity. Then, we have

MEe — { Folu, 7]/(u?) g =1(4)
? Falp, 71/(p*)  a=3(4),
where |7| = (0,-1) and |u| = |p| = (=1,—-1). Here p = [-1] € H"!(Fy; Z/2) = F) /F2.
Note that if ¢ = 1(4), then p = 0.

For char(F,) # p, let i be the smallest integer such that p|¢’ — 1, and let ¢ € p,(F,i) be a
primitve p'”* root of unity. Then, we have
MFe z{ Fp[u,C]/(u;) ¢ = 1(pj)

? Fply,¢1/(v°) ¢ #1(0%),
where |¢| = (0, —i) and |u| = |y] = (=1, ). Here v € H""(Fy;Z/p) = F, /F " denotes the
image of a primitive p*" of unity. Note that if ¢° = 1(p?), then v = 0 [Will6|. Although
there are abstract isomorphisms between ng for ¢ = 1(p?) and ¢° # 1(p?), we use dif-

ferent notation to distinguish their behavior over the dual Steenrod algebra, which we will
investigate below.

Let Ay = H**H = m_4 _+F(H, H) denote the motivic Steenrod algebra and let A, =
s+ (H A H) denote its dual. The dual Steenrod algebra Ay has the structure of a Hopf
algebroid over ij [Voe03b| and takes the following form for any base field F:

Az\)/ = Mg[?07?17"'a51’527"']/Ia

where |7;| = (2p° —1,p' — 1) and |¢;| = (2p° —2,p’ —1). The ideal I of relations is dependent
on the base field F. In the cases we are concerned with,

(73) F =C,R,F, char(F,)#p p>2;
21) I=14 (7 =7&4) B F=C,F, g=1(4) p=2;
(72 = TE1 + PTiv1 + pT0éip1) F =R, q=34) p=2

The coproduct ¢ : Ay — A @, A, is given by

YT =1@Te+ Y, Ti®E, &)= ), &®E; .
i+j=k i+j=k
Note that in the odd primary case, A is equivalent to the base change of the classical odd
primary dual Steenrod algebra to Mf . We remark that in the case that F' = R or F' = [, for
q=3(4) when p =2, and for F =F, for ¢ # 1 (p?) when p > 2, the ring M£ is not central
in the dual Steenrod algebra A7 . Indeed, there is a nontrivial action of the Bockstein on
motivic cohomology in these cases, which translates to the following formulae in the dual
Steenrod algebra:
nr(1) =7+ pTo,  1r(C) = ¢+ 7o,

where g : Mf — Ay is the Hopf algebroid right unit map [HKQ17; Voe03a|. This simple
observation makes computation over the dual Steenrod algebra much more difficult in these
cases. In all cases, the left unit 7y, : Mg — A} is the usual inclusion.

For n = 0 the quotients £(n)y of the dual Steenrod algebra take the form

P
E(n)y =M [Fo, -, Tnl/J,
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where

(77) F=C,R,F, char(F,)#p p>2
22) J=1 () F=CF, g=1(4) p=2

(72 = pTis1,72:0<1<n-1) F=RF, ¢g=3(4) p=2.
In particular, £(n), is the dual of the exterior subalgebra £(n), of the Steenrod algebra
generated by the Milnor primitives Qq, ..., Qn.

Let BPGL denote the motivic Brown—Peterson spectrum [HK01; Hoy15|. One may obtain
this spectrum by taking the algebraic cobordism spectrum M GL, localizing at a prime p,
and looking at the image of the motivic Quillen idempotent. In particular, this spectrum
depends on a choice of prime. For n > 0, there exist canonical elements v,, € 7y + BPGL of
degree (2(p™ — 1),p™ — 1), where we set vy := p. We define the motivic truncated Brown—
Peterson spectrum BPGL(n) as the quotient by the regular sequence (vy41,Vn42,...):

BPGI{n) := BPGL/(Upt1,Un+2,---).
By construction, we are supplied with cofiber sequences

(2.3) 22" =DP" L BPGL(n) 2 BPGL{(n) — BPGL{n — 1).

2.2. Motivic Adams spectral sequence. Let F € SH(F') be a motivic ring spectrum.
There is a canonical Adams tower associated to the unit map S — FE taking the form

S SN S 2E AT e ...

| | l

E S LOEAE S20EAEAE

where E denotes the cofiber of the unit map. For any motivic spectrum X, we can apply the
functor  , (X A —) to this tower. This yields the E-based motivic Adams spectral sequence
for X. By construction, the E;-page of this spectral sequence has signature

B =75 (EAEY AX) = 7f Xp, dp: B3IV Bt

where X denotes the E-nilpotent completion of X |[Bou79]. In general, convergence is not
immediate, but we will only be interested in particular cases that are well-understood.

For E = BPGL{n), there is a BPGL{n)-based motivic Adams sequence. When X = S this
takes the form

By = nfy ; (BPGL(n) n BPGL(n)"|) — xF, S

s+ f,w

This BPGL{n)-based spectral sequence is the primary motivation for our work. In order to
compute the Fi-page, we will investigate both the homotopy and spectrum-level behavior
of the cooperations algebra BPGL{(ny n BPGL{(n) for n = 0, 1.

For E = H, the resulting motivic Adams spectral sequence will be referred to as the
mASSfj(X). In this case, since Ay = mf  (H A H) is flat as a module over M, we

are able to pass directly to the Es-page. The mASSIIj (X) takes the form

By = Ext3" (M}, Hyu(X)) — 7, X.
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Convergence for this motivic Adams spectral sequence was first studied by [HKO11}; DI10].
For X = BPGIL{ny A BPGL(n), this spectral sequence takes the form

By = Ext’" (MY, Hy «(BPGL(n) A BPGL(n))) = wl,(BPGL{(ny n BPGL(n)).

It is through this spectral sequence that we will compute the homotopy ring of cooperations
for BPGL{0) and BPGL(1l). We will often omit the first argument of an Ext group if it is
given by Mg .

Remark 2.4. One of the reasons we are interested in the BPGL(1)-based motivic Adams
spectral sequence is that it allows one to access v-periodicity. At the prime p = 2, another
way to access vi-periodicity is by way of the kg-based motivic Adams spectral sequence,
where kq denotes the very effective Hermitian K-theory spectrum. This spectral sequence
was studied over C by Culver—Quigley [CQ21|, and the homotopy ring of cooperations were
computed over R and F, by the second author [Mor25a; [Mor25b|. It will be interesting to
compare these two approaches to detecting motivic vi-peiodicity.

2.3. Relative homology. We will also make use of motivic relative homology and relative
Adams spectral sequences in our computations. Analogously to the classical non-motivic
setting, if F is an R-algebra and M is an R-module in spectra, then R-relative F-homology
is E-homology in the category of R-modules:

Ef (M) :=nf (E A M).

Note that
Ef (RAM)=nf (E ARAM) = By o M.

In |[BLO1, Prop 2.1], Baker-Lazarev introduce a relative Adams spectral sequence in the
category of R-modules. The motivic version exists by the same construction.

Proposition 2.5. Let R be a motivic ring spectrum, E be an R-algebra, and X, Y be R-
modules such that Eﬁ*E is flat over By 4. If Ef’*X is projective as an Ey w-module, then
there exists an E-based motivic Adams spectral sequence in the category of R-modules

Byl = Bxtyh” J(BLX, BLY) = [XYIE

where [ X, Y]g denotes the E-nilpotent completion of R-module maps from X toY, s denotes
the stem, f denotes the homological degree, and w denotes the weight.

We will use the BPGL{0)- and BPGL(1)-relative Adams spectral sequences to produce our
spectrum-level splittings of the respective cooperations algebras.

3. MOTIVIC HOMOLOGY RESULTS

In this section, we make multiple computations in motivic homology. First, we compute
the BPGL(0)- and BPGL(1)-dual Steenrod algebras. Then, we recall the homology of
BPGI{n) and prove a Kiinneth isomorphism. Following this, we establish a criterion for
checking freeness for comodules over £(n),; and a Whitehead Theorem for Margolis homol-
ogy over S(l)g . We next introduce Brown—Gitler comodules and show that they assemble
to give an &(n)y-comodule splitting of H, ,BPGL{n). Finally, we introduce homological

P
lightning flash modules. These modules simplify our computations in the BPGL{1)-even
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further than the aforementioned Brown—Gitler comodule splitting. All results are indepen-
dent of base field unless otherwise stated.

3.1. Relative dual Steenrod algebra. We will make use of the following relative homol-
ogy computation.

Proposition 3.1. The BPGIL{0)-relative dual Steenrod algebra is
HY MO H =~ g(0))

and the BPGL{1)-dual Steenrod algebra is
HP LMV H = £(1))

Proof. We give an argument for the second statement and leave the first to the reader.
Consider the cofiber sequence

»2-2r-1BPG LY 2 BPGI(1) — BPGI{0).

Smashing H A — with the cofiber sequence yields a splitting
BPGL(1)
A BPGI{0) ~ H A (S°° v §2p~1r=1)
BPGL(1)
which suffices to determine the additive structure of H 5 fGL<1>BPGL<O>. Now consider the

cofiber sequence
BPGI0) % BPGL{0) — H.

Smashing H A — with this cofiber sequence yields a splitting
BPGL(1)

A H~HAa(S% sty g2p=lr=ly, g2pp=ly
BPGL(0)

The multiplicative structure follows from the algebra map

HAH-—->H A
BPGL{1)

O

3.2. The homology of BPGL{(n). We record the following results on the mod p-homology
of truncated motivic Brown—Peterson spectra.

Proposition 3.2. [Hoyl5, Theorem 6.19] The map Hy « BPGL{(ny — H, H is injective
with image the A} -subalgebra

H*7*BPGL<7'L> = ij[gl?gQag?n e 777-n+1a77—n+27 %n+37 o ]/I7

where I is the ideal defined in Equation (2.1)). In particular, for any prime p, we have an
A, -comodule isomorphism

H, . BPGL(n) = AY g(D) M,
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The left £(n), -coaction on Ay [] M, is given by
E(n)y

(3.1) a: A;E(D)VMP YOL A ® <A;S(D)VI\\/JIP> 8L g(n)y ® (AggDvMp>

which on generators & and 7 is

(&) =1®&

a(Tnik) = 1@ Tygr + Z T ®£nl+k—i'

i=0
Let M be a left £(n), -comodule. Then there is an induced right £(n)-module action
A M®EMm), > M

defined by
Az, 0) = (0 ® Idy) o az),
where a(z) = 3, 0; ® z; (see [Boa82, §6]).

Since 7; is the dual of @;, the right £(1)-module action on Hy BPGL(1) is

§Qi=0
Qo = &
Q1 =& .

Proposition 3.3. For any prime p and any n,m = 0, there is an isomorphism of A} -
comodule algebras:

Hy +(BPGL(m) n BPGL(n)) =~ Hy, (BPGL(m)) ® Hy +(BPGL(n)).

Proof. By Proposition H, +BPGL(n)y is free over M,,. Thus the Kiinneth spectral
sequence

E> = TorM”(H*,*BPGL<m>, H, «BPGL{n)) = H, (BPGL{(m) n BPGL{(n))
collapses at the Fs-page, giving the result. O

Since £(n), is free over Mj,, we obtain the following proposition through standard algebra

(see for example [BW03|, Theorem 4.7]).
Proposition 3.4. There is an equivalence of categories between left £(n), -comodules and
right £(n),-modules.

This equivalence of categories allows us to prove facts about £ (n)g -comodules by instead
working with £(n),-modules.

Proposition 3.5. If M is a free £(n), -comodule, then M is an injective £(n), -comodule

Proof. By the equivalence of categories of Proposition [3.4] we may instead show that any
free £(n),-module is injective. Since any free £(n),-module is a sum of shifts of £(n),, it
suffices to show that £(n), is self-injective. This follows from modifying May’s proof of self-

injectivity for MS? given in the Ch-equivariant setting [May20|. In particular, the graded
ideals of £(n), are just the graded ideals of M, with the addition of various @);. O
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3.3. Margolis homology and free £(n)-modules. Classically, Margolis homology is an
invariant of modules over a subalgebra of the Steenrod algebra. Omne particularly useful
consequence of this invariant is that a module over the Steenrod algebra is free if and only
if it has trivial Margolis homology with respect to a particular family of elements [Mar83|
Theorem 19.6].

In the motivic setting, Margolis homology is slightly more complicated and subtle (see, for
example, |[GIR18, Example 4.6 and Proposition 4.7]). Nonetheless, with the imposition of
additional freeness criteria, motivic analogues of Margolis homology have proven useful (see,
for instance, [HK18, Section 5] and [BGL22, Section 2]).

The goal of this subsection is to give a Whitehead Theorem for Margolis homology, that is,
a criterion for when an £(1),-module map is a stable equivalence, in the setting of motivic
homotopy. To this end, we establish some motivic freeness criteria extending those of [HK18|
Section 5] and |[BGL22| Section 2] in the C and R-motivic settings, respectively. Let

F=C

F=Randp#2

F=Randp=2

F =F, with char(F,) # 2 and ¢ = 3 (4)
F =TF, with char(F,) # 2 and ¢ = 1 (4)
F =T, with char(F,) # p and ¢' = 1 (p?)
F =F, with char(F,) # p and ¢' # 1 (p?)

&
I
=2 & 2 D D = =

Our first aim will be to prove the following proposition.

Proposition 3.6. A finitely generated E(n),-module M is free if and only if

(1) M is free as an Fp|z]-module, where x € MY as defined above;
(2) Fp Qur M is free as an E(n),-module.

To prove Proposition [3.6] we will make use of the following lemma.

Lemma 3.7. Let x € Mg as defined in Proposition . A finitely generated &(n),-module
M is free if and only if

(1) M is a free Fy[x]-module and
(2) M/(x) is a free E(n),/(x)-module.

Proof. When x = 1, the statement is trivial. When F' = R and p = 2, the statement is
exactly that of [BGL22, Lemma 2.1]. The remaining cases where F = F, can be proved
using the same argument as the proof of [BGL22, Lemma 2.1], and in fact the induction
there is made simpler since 2% = 0. O
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We also make a further reduction. Let

T F=C
F=Randp=2
F=Randp#2
F =F, with char(F,) = p
F =T, with char(F,) # p

M~

Lemma 3.8. A finitely generated E(n),/(x)-module M is free if and only if M /(y) is a free
(E(n)p/(x))/(y)-module.

Proof. The proof follows from the argument given in |[HK18, Lemma 5.2] along with the
observation that the category of connective graded comodules over a connective, graded,
flat, finite-type Hopf algebroid has enough projectives [Sal23|. (]

Proof of Proposition[3.6 If a finitely generated €(n),-module M is free, the two conditions
are immediately satisfied. Thus we consider M where the two conditions are satisfied and
show M is a free £(n),-module. First, note that condition (2) of Propositionis equivalent
to saying that (M /(x))/(y) is free over (£(n),/(x))/(y). Lemma3.8]then implies that M/(z)
is a free £(n)/(z)-module. So by Lemma M is indeed a free £(n),-module. O

Recall the following freeness criteria for modules over E(n).

Proposition 3.9 ([Mar83, Theorem 18.8i]). Let M be a bounded-below E(n)-module. Then
M is free if and only if Myx(M,Q;) =0 for all0 <i < n.

Note that a map of £(n),-modules f : M — N is said to be a stable equivalence if there
exist free £(n),-modules P, such that the map M @ P — N @ @ induced by f is an
isomorphism [Mar83, p. 205].

Combining Proposition [3.9| with Proposition yields a motivic analogue of the Whitehead
Theorem for Margolis homology over the base field F. The proof proceeds in exactly the
same way as its classical analogue (see [Mar83, Theorem 18.8ii] or |[GIR18, Corollary 4.10]
for the details when F' = C).

Proposition 3.10 (Whitehead Theorem). Let z € Mi as defined above, let M and N be
finitely generated £(1),-modules that are Fp[x]-free, and let f : M — N be an E(1),-module

map. Then f is a stable equivalence if and only if (f/(x))/(y) : (M/(z))/(y) — (N/(z))/(y)
induces an isomorphism in Margolis homologies with respect to Qo and Q1.

3.4. Brown—Gitler subcomodules. Define a weight filtration on the dual Steenrod alge-
bra A} by setting
wt(§;) = wt(7i) = p'
and extend multiplicatively so
wt(zy) = wt(x) + wt(y).

Definition 3.11. The k' Brown-Gitler comodule, denoted B,,(k), is the subspace of A//E(n)¥
spanned by monomials of weight less than or equal to pk.
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Remark 3.12. The motivic Brown—Gitler comodules defined in |[CQ21; Mor25a], while
denoted in the same fashion as above, are a different family of comodules, as they are
obtained from the Mahowald weight filtration on .A//A(n)Y. However, note that there is no
ambiguity in Bg(k) as there is an isomorphism A//A(0)Y =~ A//E(0)".

Proposition 3.13. The Brown-Gitler comodule B_1(k) is free and injective over £(0),) .

Proof. We must only show that B_;(k) is free due to Proposition Since B_;(k) is

finitely-generated over £(0); by construction, after base change to F,, B_1(k) ®u, F, is

equivalent to the homology of the classical Brown—Gitler spectrum. This is free over the
classical £(0), . By Proposition B_1(k) is free over £(0),, finishing the proof. O

Proposition 3.14. For alln = 0, there exists an S(n)g—comodule tsomorphism

[e0]
Hy «BPGL(n) =~ @ S2e-Dke=lp (k).
k=0

Proof. This is the same as the proof in the classical setting. The classical statement is an im-
mediate consequence of [Cul20, Cor 4.10] combined with the first sentence after Proposition
4.6 of |Cul20]. Note that [Cul20| uses the indexing convention

Ni(k) = {z € A//E(n)s|wt(x) < pn},
as opposed to our indexing convention

Bi(k) = {z € A//E(n)|wt(x) < n}.

3.5. Homological lightning flash modules.
Definition 3.15. The motivic homological lightning flash module is given by

Ly(k) = EM)plar, za, - ok [2i41Q1 = 2:Qo, 1 < i < k—1}
where |x;| = (2p — 2,p — 1)i + (1,0). Further define L,(0) = M,,.
These lightning flash modules can be easily visualized as in Figure which depicts L3(2)
using the motivic grading convention that the total topological degree is plotted along the
horizontal axis and the weight is plotted along the vertical axis. Here, a point denotes a

copy of M, straight arrows indicate the (non-trivial) operation of Qq, and curved arrows
indicate the (non-trivial) operation of Q.

T2

I

FIGURE 3.1. Homological lightning flash module: L3(2)
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Notice that the inclusion of the top L,(k — 1)-submodule of L, (k) supplies us with a short
exact sequence of £(1),-comodules

(3.2) 0 — B2 UPIL (k= 1) — Ly (k) — (E(1),//€(0),)" — 0.
Proposition 3.16. There is an isomorphism of 5(1); -comodules:
By (k) = Ly(vp(k!)) © W,

where Wy, is a sum of suspensions of £(1), .

Proof. We will use Proposition to prove this isomorphism. We start by computing the
relevant Margolis homologies. First, by considering figures similar to Figure we see that

M ([(Lp (vp (1)) /(2)]/ (), Qo) = My {1}
M ([(Lp(vp (K1) /(@)]/ (), Qo) = Mp{Qoy, (k1) }-

Next we must compute the Margolis homology of the Brown-Gitler comodules By (k). It is
easier to first compute the Margolis homology for Hy +BPGL(L),

My ([(Hy « BPGLCL)) / ()] / (y) , Qo) = Mp{1}
My ([(Hyx BPGLL) /(2)](y), Q1) = Mp{§1°65% -+ €70 < & < 1}

(This computation proceeds similarly to Adams’ argument in the classical setting when
p = 2 |Ada74, Lemma 16.9].) By Proposition

0
H, +BPGL(n) =~ @ S*e-Dre=1p (k).
k=0

Since Hy « BPGL(1) is of finite-type, we can apply this decomposition to the corresponding
Margolis homology and get

M ([Bo(K)/(2)]/(y), Qo) = Fp{1}
M, ([Bo(k)/(2)]/(), Q1) = Fp{&i, &y -~ &}

where i; < iy < --- <, and Pt 4+ p?2 4+ ... 4+ pin is the p-adic expansion of k. Note that
|z, (k1) |s.r = 1€i1&in -+~ &inls, g+ So if we construct an £(1),-module map

Lyp(vp(kY)) — Bo(k)

realizing the isomorphism, then we can apply Proposition to conclude the proof. Let
S(k) denote the submodule of By (k)

S(k) = EW)p{€in&in i, Tld <ia <z <o <iin}

Observe that S(k) is naturally isomorphic to L, (v,(k!)) ans so the inclusion S(k) — By (k)
is exactly the map we are looking for. O

4. SPLITTING BPGL{0y A BPGIL0)

In this section, we construct spectrum-level splittings of the cooperations algebra BPGL{0) A
BPGL{0). We also compute the homotopy ring of cooperations 7y 4 (BPGL{0) A BPGL{0)).
Note that at any prime p, a model for BPGL{0) is HZy).
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4.1. Strategy. In this section, all results are stated independent of base field unless other-
wise stated. We will begin by computing the homotopy groups 7 «(BPGL{0)) by a motivic
Adams spectral sequence. The mASS,(BPGL(0)) takes the form

Ext’)" (Hy «(BPGL(0))) = my.,(BPGI{0)).

Recall from Proposition FEZI that there is an isomorphism of A} -comodules:

Hy «(BPGIL0)) = A) [ M,
£(0)y
Using a change-of-rings isomorphism, the Es-page can then be rewritten as

E, = Extqfw(AV (D) M) = Ext;(fd)“’ (M,).

After computing these homotopy groups, we will compute the cooperations algebra by an-
other motivic Adams spectral sequence. The mASS,(BPGL{0) A BPGL{0)) has signature

Ext0" (Ha w(BPGL(0) A BPGI0))) = m,(BPGL(0) n BPGL(0)).

Using the Kiinneth isomorphism of Proposition @ the change-of-rings isomorphism, and
the £(0), -comodule isomorphism of Proposition we can rewrite the FEa-page as

By = Bxt3{" (Hy +(BPGL(0) A BPGL(0))) = @@ S*HP= DA DExi 30 o (B (R))-
: k>0
For k > 0, we have that B_(k) is free and injective over £(0), by Proposition giving
an isomorphism

Exts(fo’) (B_1(k)) = Wi,

where W}, is a free M,-module concentrated in Adams filtration 0. Since B_1(0) = M, we
can decompose the Fs-page as

(4.1) E, = Ext?(fo’)“; (M,) ® P W,

k>1
with @~ Wy a free Mj,-module in Adams filtration 0. The following allows us to determine
differentials.

Lemma 4.1. The differentials in the mASS,(BPGL{0) A BPGIL{0)) are determined by
the differentials in the mASS,(BPGL{0)).

Proof. The map BPGL{0) — BPGL{0) A BPGL<O> induces an inclusion on Es-pages

s, fyw Sf,
Extyigy, (Mp) — Exty @k@l Wi.

This determines all of the differentials on the wvg-periodic summand Extz({))w (M,). We

will show that there are no differentials involving the summand ;. Wk, proving the
claim. Since vy is a permanent cycle in the mASS,(BPGL0)), all differentials in the
mASS,(BPGL{0) A BPGLX0)) are vo-linear. Indeed, if x is any class on the E,-page, then

d,(vox) = dr(vo)z + vodr () = vod, ().

This implies that there can be no differential from any wvg-torsion class to any vg-torsion free

class. In particular, there are no differentials from @, ., Wi to Exts(f )w (M,). Note that
P

Adams differentials increase filtration. Since (B, W is contained in filtration 0, this rules
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out any differentials from Eth’(fd;; (M) to @j,=1 Wi or from @, , W to itself, concluding

the proof. O

To produce a spectrum-level splitting, we will use the BPGL{0)-relative Adams spectral
sequence. Towards this end, we make the following relative homology computations.

Proposition 4.2. There exists an isomorphism of £(0), -comodules
HELOMY (BPGIO) A BPGI(0Y) =~ HELYM Y (BPGL(0Y v V),

where V' is a finite-type sum of suspensions of H.

Proof. Recall from Section [2.3] that
HEPCHUBPGI0Y A X = Hy X

for any spectrum X, so we only need to show that Hys BPGL{0) =~ H,4(S° v V). Recall
from Proposition that
(e0]

H, +BPGL0) =~ (P SkEP=2r=DB_, (k).
k=0
BPGL(0) r o
Note that H, , BPGL{0) = M;; = B_4(0). For k > 0, observe from Proposition |3.13
that B_,(k) is a finite sum of suspensions of £(0),, and then recall from Proposition [3.1

that Het ““YH = £(0)y. O

4.2. BPGIX0) coefficients. We begin by computing the homotopy of BPGL{0). Note
that in this section and all subsequent sections, we depict all charts in (s, f)-grading, with
motivic weight w suppressed.

Proposition 4.3. Let F' = C or R. The mASSi(BPGL(O}) collapses on the Es-page,
giving isomorphisms

5 «(BPGIA0)) = Z,[7]
for any prime p and

2 (BPGL(0)) = { %;]Qm]/(zp) p-2

Proof. Over C, since the motivic £(0), is the base change of the classical £(0), from [, to
F,[7] = Mg, the Es-page is the base change of the classical Fs-page of the Adams spectral

sequence for BP{0):

Ep = Extg () (M) = Fy[r, vo],

where |vg] = (0,1,0). Over R, the Fs-page was computed at the prime p = 2 by Hill in
|[Hil11l, Theorem 3.1] and shown to be

Extyoyy (M3) = Fa[p, 7, v0]/(pvo).

For odd primes, the Es-page is determined in the same way as over C, except that we are
base changing from F,, to F,[0] = M

Extg gy (M) = F,[6, vo).
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In all cases, there can be no differentials for degree reasons, so the spectral sequences must
collapse and the result follows. O

The Es-pages described in Proposition .3 are depicted in Figure

6 6
5 5
4 4
3 3
2 2
1 1
0 0
-2 -1 0 1 -2 -1 0 1

FIGURE 4.1. Charts for Extz{’ (M}) for F = C or R. The left chart
P

represents the case F' = C and p any prime, where a o denotes F,[7],
and also represents the case F' = R and p > 2, where a o denotes F,[6].
The right chart represents the case F' = R and p = 2, where a e denotes
Fo[72]. A vertical line represents multiplication by vy, and a horizontal line
represents multiplication by p.

Proposition 4.4. Let F' =T, be a finite field with char(F,) # 2. Then the differentials in

the mASqu (BPGIX0)) at the prime p = 2 have the following behavior. For ¢ =1(4), all
nontrivial differentials are generated under the Liebniz rule by

28 2°—1, v2(qg—1)+s
dyy(g—1)+s(T7 ) = ut 1102( ) , s§=0.

For ¢ =3(4), all differentials are generated under the Liebniz rule by

s s_ 2_1
dl/2(‘12—1)+8(72 ) = pT2 lv(l)/2(q )+3, s= 1.

Proof. The Ey-page of the mASS" s (BPGL(0)) was determined by Kylling in [Kyl15, The-
orem 4.1.2, Theorem 4.1.3] and takes the form
2 =
EXt;’f’w (ng> ~ { IFa [U,T, UO]/(U ) g=1 (4)

O = | Falp, 7,00, p71/(p?, po, p(p7), (p7)?) ¢ =3(4)
For degree reasons, there can be no differential on a class which is not divisible by 7. For a
class 7"x where x is not divisible by 7, the Liebniz rule gives a formula for any differential:

dp(t"z) = d;(7")x + 7"dp () = d.(T")2.
Thus all differentials are determined by their values on powers of 7. Recall that the spectrum
HZ represents motivic cohomology with integer coefficients [Spil8|. In particular, there is

an isomorphism
T (HL) = H™5 7% (F; L)3
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where the right hand side is 2-completed. These motivic cohomology groups were calculated
by Soulé to be [Sou79]:

Zo s=w=0;
(42) H="(F;2); ={ Z/(g"—1)2 s=—Luw<—1;
0 else.

This implies that WE)F‘LM(HZ) = 0 for w > 1, thus all powers of 7 must be killed in the
spectral sequence. The particular formulas given are now forced by the groups given in
Equation . For example, take ¢ = 3. We have that 7T]E31,_2(H Z) = 7Z/8, which implies
that the class prvg is the class in stem —1 and weight —2 of lowest Adams filtration which
must be the target of a differential. Since 72 must die, this forces the differential dy(72) =
prvg. The Liebniz rule then determines all dy-differentials on 72" for n odd. Similarly,
we have 7TH131773(HZ) >~ 7/2, so we must have that ds(7*) = pr3v], and the Liebniz rule

determines all ds-differentials on 74" for n odd. O

The E>-pages described in Proposition [f.4] are depicted in Figure [£.2]

6 6
5 5
4 4
3 3
2 2
1 1
0 0
-2 -1 0 1 -2 -1 0 1

FIGURE 4.2. Charts for EX‘BZ’(JCO’)ui (ng). The left chart represents the case
2

where ¢ = 3 (4), where a o denotes Fo[72] and an orange class denotes p7-

divisibility. The right chart represents the case where ¢ = 1(4), where a o

denotes Fo[7]. A vertical line represents vy multiplication, and a horizontal

line represents p-multiplication in the left chart and u-multiplication in the

right chart.

Proposition 4.5. Let F' =T, be a finite field with char(F,) # p. Then the differentials in
the mASSEq (BPGIX0)) at a prime p > 2 have the following behavior. Let i be the smallest
positive integer such that p|q* — 1. For ¢ = 1(p?), all nontrivial differentials are generated
under the Liebniz rule by

dvp(qi—1)+s(cps) = UCpS_lvgp(qulHS, s = 0.
For ¢* # 1 (p?), all nontrivial differentials are generated under the Liebniz rule by

dyp(qp¢71)+s(<ps) - rycpsflvolfp(qpl_l)-ﬁ-s’ s> 1.
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Proof. This follows in the same way as in Proposition The Es-page of the mASSEq (BPGIX0))
was determined by Wilson in [Will6, Proposition 6.4, Proposition 7.7|. For ¢* = 1 (p?), we
have

By = Bxtgfy, (Mye) = Fylu, ¢, vo) /(u?),

and for ¢* # 1 (p?), we have

FP[F% va o, 7(7 7425 me anp_l]
(V2 w0, v(¥¢7), (¥¢T)(v¢R) s 1 < j k< p—1)°

The multiplicative structure in the ¢* # 1(p?) is less opaque than it appears at first
glance. In terms of Adams charts, there is a vg-tower in stem 0 which supports a sin-
gle v-multiplication on the generator and there are p — 1-many vg-towers in stem —1 which
admit no further multiplication. Recall that the homotopy of HZ is determined by the
motivic cohomology groups, which were determined to be [Sou79|:

12

B3P = Extgf (Mpe)

Zy s=w=0;
(4.3) H > ™(FyZ)) =1 Z/(¢" 1), s=-Lw<-1
0 else.

As in the proof of Proposition [£.4] the differentials are forced for degree reasons: no power
of ¢ may survive to the F-page, and so the particular formulas for the differentials are the
only ones possible to get the groups described in Equation (4.3]). O

The Es-page for the case of ¢° = 1 (p?) is depicted in the right side of Figure where a
e denotes FF,[¢] and a horizontal line denotes u-multiplication. The Es-page for the case of
q' # 1 (p?) when p = 5 is depicted in Figure

0 .

-2 -1 0 1

FIGURE 4.3. Charts for Extz’(fo’)“i (M;?) with a nontrivial Bockstein ac-
P

tion on F, and for p = 5. A e denotes F5[¢?], and a blue class denotes
F5{v¢7}[¢?] for some 1 < j < 4. A vertical line represents vo-multiplication,
and a horizontal line represents y-multiplication. Each blue vp-tower is in
stem -1. The case of a trivial Bockstein action at any odd prime is depicted
in the left chart of Figure where a o denotes F,[(].
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4.3. The homotopy ring of BPGL{0)-cooperations. Next, we compute the homotopy
of BPGL{0) n BPGLX0).

Theorem 4.6. Let F' € {C,R,F,}, where char(F,) # p. Then there is an isomorphism for
all primes p:

me «(BPGL(0) A BPGL(0)) = mk ,(BPGL{0)) ® W,
where W is a sum of shifts of M.

Proof. We will show this by analyzing the mASS,(BPGL{0) A BPGL{0)). We saw in
Equation (4.1) that this spectral sequence has signature

Ey = Extg(’:))w (M,) ® k@l Wi = 7ew(BPGL{0) A BPGL(0Y).
>

By Lemma [L.1] the only differentials in this spectral sequence are those contained in the
summand Extzﬁ(fo’)w (M,). These were analyzed in the previous section in Proposition

»
Proposition and Proposition Since each component of (), Wi contributes a free
summand of M,, the result follows. O

4.4. Constructing the spectrum-level splitting. Now, we use the relative Adams spec-
tral sequence to lift this algebraic splitting to a spectrum-level splitting.

Theorem 4.7. For any prime p and for any F' € {C,R,F,}, there is an equivalence of
spectra (up to p-completion):
BPGI{0) n BPGL{0) ~ BPGL{0) vV,

where V' is a wedge of suspensions of HIF,,.

Proof. Consider the relative Adams spectral sequence

BT = Bxtl (H,ﬁf GLO (BPGL(O) v V), HEECH (BPGL(0) A BPGL<0>))
p

— [BPGIX0) v V, BPGL(0) A BPGL(0)P"

(s,w)

The isomorphism of Proposition is represented by a class in degree 6 € Eg,o,o. If 6
survives the spectral sequence, then it lifts to a homotopy equivalence (up to p-completion)
§: BPGL(0) v V — BPGIL{0) A BPGIL(0). Recall from the proof of Proposition [4.2] that

HZY " (BPGLO) v V) = ME @ D =Dg(0)y,

i€l
where @ S*()€(0)y is a finite-type sum of suspensions of £(0)Y. So we can rewrite the
i€l
Fs-page as

s, f,w ~ s, fyw a(t v a( 2
EyhY ~ Extg(o); (Mg@@lz ()5(O)p 7M5@@12 ()5(0),,) ,
1€ 1€

Since £(0), is free and injective over itself,

s.fw o TorSifw (NE A F BG)AF
Eyh = Extyg! (ME, M) P rPOME.
jedJ
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Note that the second summand,

(_D Eﬁ(j)Mg ,

JeJ
is concentrated in filtration f = 0, so no differentials are possible within that summand.
Furthermore, this summand is vg-torsion, while the first summand

Bxtgfyy (v, 1)

is vp-torsion free above the line f = 0, so no differentials can go from the second summand
to the first. Therefore the only potential differentials must occur within the first summand.
By the same arguments as in the analysis of the Adams spectral sequence for computing
T« BPGL(0), no differentials can originate from degree (s, f,w) = (0,0,0) in the first
summand, so indeed @ survives the spectral sequence. (Il

Remark 4.8. One may use the computations in this section to compute the E;-page of the
BPGL{0)-motivic Adams spectral sequence. In recent work, Burklund-Pstragowski [BP25|
study the relationship between the classical BP{0) and HF,-Adams spectral sequences.
For example, they show that the quotient map BP{0y — HF, induces a map of spectral
sequences that allows one to identify the Fs-page of the BP{0)-Adams spectral sequence
for the sphere:
Z(p) s = 0, f =0
BP<0>E§vf: 0 s=0,f#0
Exti! (Fp,Fy) s #0.

Our splitting indicates that an analogous statement should hold for the Es-page of the
BPGL{0)-motivic Adams spectral sequence.

5. SPLITTING BPGL(1) n BPGL(1)

In this section, we produce spectrum-level splittings of the cooperations algebra BPGL(1) A
BPGL(1). We also compute the homotopy ring of cooperations 7y «(BPGL{1)A BPGL{1}).
Interestingly, we show that the differentials in the motivic Adams spectral sequence com-
puting the homotopy ring of cooperations are completely determined by v-linearity and
the integral motivic cohomology of the base field, which was discussed in the previous sec-
tion. As an application, we deduce the Fj-page of the BPGL{1)-motivic Adams spectral
sequence. Specifically, we describe the n-line in terms of a splitting of spectra, and in terms
of homotopy groups, as a module over the 0-line. Recall that at the prime 2, a model for
BPGIA1) is the (2-local) effective algebraic K-theory spectrum kgl, while at odd primes, a
model for BPGL(1) is the (p-local) connective motivic Adams summand m¢ [NS@15].

5.1. Strategy. In this section, we outline our strategy for computing the homotopy ring of
cooperations. The spectrum-level splitting of the cooperations algebra is more involved, and
we defer our overview for the relative Adams spectral sequence arguments until Section [5.4]
All results here are stated independent of base field unless otherwise indicated.

We will begin by computing the homotopy groups m «(BPGL(1)) by a motivic Adams
spectral sequence. The mASS,(BPGL(1)) takes the form

Ext’/" (Hy +(BPGI(1))) = 7u(BPGL(1)).
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Recall from Proposition that there is an isomorphism of A -comodules:

Hew(BPGL(D) = A} 0 M.

Using a change-of-rings isomorphism, the Fs-page can then be rewritten as

Ey = Extj{if’w(Agg EVMP) ~ Extg(fl)w (M,).

After computing these homotopy groups, we will compute the cooperations algebra by an-
other motivic Adams spectral sequence. The mASS,(BPGL(1) A BPGL(1)) has signature

By = Exti{" (Hy «(BPGL(1) A BPGI(1))) = m0u(BPGL(1) A BPGL(L)).

Using the Kunneth isomorphism of Proposition [3.3] the change-of-rings isomorphism, the
Brown-Gitler decomposition of Proposition [3.14} and the £(1),/-comodule isomorphism of
Proposition 3.16] we can rewrite the E>-page as
(5.1)
Extjg’w(H*,*(BPGMD A BPGI(1))) = @ S D Re-DEX I (L, (v, () @ Wh),
k=0 ?
where W, is a wedge of suspensions of M.

Determining the differentials in the mASS,(BPGL{1) A BPGL(1)) is slightly more in-
volved. We will first show that the differentials in the mASS,(BPGL(1)) are determined
by vi-linearity combined with the differentials in the mASS,(BPGL{0)). Then, we will
use the description of the Es-page in Equation to lift differentials and compute the
homotopy ring of cooperations.

5.2. BPGIL(1) coefficients. We begin by computing the homotopy of BPGL(1).
Proposition 5.1. Let F = C orR. Then the motivic Adams spectral sequence for BPGL{1)
collapses on the Es-page, giving isomorphisms

Ty «(BPGL(1)) = Z,[7,v1]
for any prime p and

R | Zalp, 7,272 01]/(2p,019%) p =2
wamrenm) = { 2T b

Proof. Over C for all primes and over R at odd primes, similar to the case of BPGIL{0),
the Ey-page is the base change of the classical Adams spectral sequence for BP(1) from F,,
to ij . Thus, the FEs-page over C at all primes is given by

Extyyy (Mp) = Fy[7, vo, v1],

and the Es-page over R for odd primes is given by

Extg(fl)“ (M}) = Fp[6, vo, v1],

where |v1] = (2(p—1),1,p—1). Over R and at the prime p = 2, the F>-page was computed
in [Hil11l, Theorem 3.1] and shown to be

Ext;(fl)“; (M5) = Fa[p, 7, v9, 7200, v1]/ (pvo, pPv1, (T700)?) = 7.
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The Es-pages described in Proposition [5.1] are depicted in Figure [5.1] and Figure [5.2}

0 2p — 2 4p —4 6p — 6 8p—8

FIGURE 5.1. Charts for Ext?(fl’)ui (Mg,Mg) for FF = C at all primes or R

at odd primes. For F' = C, a e denotes F,,[7], and for F = R, a e denotes
F,[6]. A vertical line indicates vo-multiplication, while v;-multiplication is
suppressed.

FIGURE 5.2. Charts for Eth’(fl’;‘i (M5, M5). A e denotes Fo[7%] and an
2

orange class denotes 72wg-divisibility. A vertical line represents wvo-
multiplication and a horizontal line represents p-multiplication, while v;-
multiplication is suppressed.

27

There can be no differentials in any of these spectral sequences for degree reasons, so the
spectral sequences must all collapse. The result follows.

]
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Before determining the coeflicients of BPGL{1) over finite fields, we make a few preliminary
calculations.

Lemma 5.2. Let p be an odd prime and let Fy be a finite field such that char(Fy) # p and
there is a trivial Bockstein action. Then there is an isomorphism

Extalt (ME2) = Fylu, ¢ vo, va]/(u?).
Proof. The dual F;-motivic Steenrod algebra is the base change of the classical dual Steenrod
algebra A to ng:

Ay = Ay @F,[u, {1/(u?).
Note that this isomorphism also holds true for £(1),/. This observation gives rise to a natural

map of Hopf algebroids

(Fp, (1)) — (M, £(1);)

which is just base change to ME“. By the change-of-rings theorem for Hopf algebroid exten-
sions [Rav86, A1.3.12], we have an isomorphism

Extgl, (M57) = Exty(iy, (F,) @ Mye = Fy[u, ¢, v0, 011/ (u?)

The particular degrees of the generators can be obtained by an analysis of the cobar complex
F
Cg(l)v(Mpq). |:|

p

Lemma 5.3. Let p be an odd prime and let Fy be a finite field such that char(F,) # p and
there is a nontrivial Bockstein action. Then there is an isomorphism

Fp[’% Cpa o, V1, ’YC7 ’74-27 e 7’741)_1]
(72,700, 7(v¢7), (v¢) (v¢F) 1 < Gk <p— 1)

s, fw ey ~
Eth(l)g (M) =

Proof. This follows in a similar fashion to [Will6, Proposition 7.7]. We may calculate this

Ext group by a y-Bockstein spectral sequence. To be precise, consider the cobar complex

Cg(]_); (ng) whose cohomology computes Extz’(fl’)“i (ng). We may filter this by powers of
p

the class v € ng. Since 2 = 0, this is a short filtration, and has an associated short exact

sequence of the form

0—7-Ceqy (M) — Ceqyy (M) — Ceqyy (Mje)/y — 0.
Notice that this filtration supplies us with isomorphisms of Hopf algebroids:
7 - Ceryy (Mp1) = Ceqayy (My1) /v = Fp[¢] ® Crpryy (Fp).
This implies that E-page of the v-BSS takes the form

By = (Pl @Bty . (F) ) [7]/(7) = Byl G v, 1 ]/(C3),
Since 72 = 0, the d;-differential is the only possible nontrivial differential. For degree
reasons, the differential must be trivial on classes which are not divisible by {. The value on
¢ is given by di(¢) = yvo. The Liebniz rule forces all other differentials. Notice that as we
are working over a field of characteristic p, we have that d;(¢¥) = 0 for any k > 0 such that
p| k. The classes v(,v¢?, ..., v¢P~ ! all survive to the E-page with multiplicative structure
leftover from the F4-page, giving the result. ]
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Proposition 5.4. Let char(F,) # p. Then the differentials in the mASSEq (BPGL(1)) are
determined by the differentials in the mASSE‘I (BPGI0)).

Proof. We start with the case where p = 2. Then the Es-page of the mASqu (BPGL(1))
was determined by Kylling in [Kyl15, Theorem 4.1.2, Theorem 4.1.4] and takes the form

Exty /i (M}7) = { Fafu, 7, v0, 0]/ (u?) ¢=1(4)

5(1)%’ 2 F2[ﬂa7'2aUO>Ulva]/(p27PU07P(p7')7(pT)Q) q= 3(4)
We now follow the argument of [Kyl15| Section 4.2]. As in the case of BPGL{0), for degree
reasons there can be no differential on a class which is not divisible by 7, and so the Liebniz

rule implies that all differentials are determined by their value on powers of 7. Recall from
Section [2| (Equation (2.3])) that there is a cofiber sequence

»21BPGI{1) - BPGL{1) — BPGL{0).

The reduction map BPGL{1) — BPGL{0) induces a map of spectral sequences, which is
realized on Fs-pages as

s, f,w ]Fq s, f,w ]Fq
Extg(l)2v (M,?) — EXtS(O)ZV (M5?).

Classes in the domain get sent to their namesakes in the target for degree reasons. Since
the map of spectral sequences commutes with differentials, the values of the differentials on
powers of 7 in the mASqu (BPGIK1)) are determined by the values of the differentials in
the mASqu (BPGL{0)). Recall that a model for the spectrum BPGL(1) is the effective
algebraic K-theory spectrum kgl. This spectrum represents algebraic K-theory in that for
s = 1 there is an isomorphism

Wﬂsr,qw(kgl) = K20 (Fg)o.
The algebraic K-theory of finite fields was determined by Quillen to be |[Qui73|

Zo i=0;
Ki(Fg)a =< Z/(¢"—1)2 i=2n—-1,n>1,
0 else.

In particular, since W;Ffl,n(kgl) ~ 7o, we see that all powers of v are permanent cycles. This
implies that the spectral sequence is both vy and wvi-linear, and thus all differentials are
completely determined by their values on powers 7, giving the result.

Now, let p > 2. the FEy-page of the mASSg“ (BPGL(1)) was calculated above in Lemma
and Lemma Recall that a model for the spectrum BPGL(1) is the connective motivic

Adams summand mf. Since ”;ng—l) b1
cycles [NSQ15|. Thus, the differentials in the spectral sequence are completely determined
by their values on (. The argument now follows exactly as above: the differentials on ¢

determined in Proposition [£.4] and Proposition [£.5] lift to our case, finishing the proof. [

(ml) = Zy, all powers of v; must be permanent

The Es-pages described in Proposition [5.4] are depicted in Figure [5.3] Figure 5.4} and Fig-
ure

Remark 5.5. While we are primarily concerned with the spectra BPGL{0) and BPGL(1),
one may theoretically also deduce results in greater generality, which we outline now. For
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-1 0 1 2 3 4 5 6 7 8

FIGURE 5.3. Charts for Ext;(fl)“i (M5%, M) for ¢ = 3(4). A e denotes
2

Fo[72], and an orange class denotes Fo{p7}[7%]. A vertical line represents
vo-multiplication and a horizontal line represents p-multiplication, while
vi-multiplication is suppressed.

0 2p — 2 4p—4 6p — 6 8p—8

FIGURE 5.4. Charts for Ext;’(fl’)“i (My?,M,?) where p is any prime with a
p

trivial Bockstein action on F,. A e denotes Fa[7] in the case of p = 2 and

F,[¢] for p odd. A vertical line represents vo-multiplication and a horizontal

line represents u-multiplication, and v{-multiplication is suppressed.

F = C, the Es-page of the mASSS(BPGL<n>) for all n > 0 follows from base change of
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S

0 8 16 24 32

FI1GURE 5.5. Charts for Ext?(fl’)ui (MEQ,ME“’) for p = 5 with a nontrivial

Bockstein action on F,. A e denotes F5[¢°], and a blue class denotes
F5{~(7}[¢"] for some 1 < j < 4. A vertical line represents vo-multiplication,
and a horizontal line represents y-multiplication, and v;-multiplication is
suppressed.

the classical case to Mg:

Byl = MS[uvg, ..., v,] = 7S, (BPGL(n)),
where |v;| = (2(p'—1),1,p'—1). For F = R, the same argument describes the Es-page at odd
primes, by base-changing to ME. At the prime p = 2, the Fs-page of the IIIASSD;(BPGL<TL>)
was computed for all n > 0 by the p-Bockstein spectral sequence of Hill |[Hilll, Theorem

3.1]. This is the predecessor to the v-BSS of Lemma at the prime 2: by filtering the
cobar complex Cg(n)y (ME) by powers of p, one obtains a spectral sequence

By = ExtllY (MS)[p] = Extl/Y, (M5).

(n)3 ()3
Alternatively, one may also compute this Es-page by a v,-Bockstein spectral sequence

EPT = Bxtglt ) (M3)[v,] = Extz) (M3).

These two spectral sequences fit together into the following square, reminiscent of the ones
given in [CKQ21].

Ext3/., (MS)

E(n—1)y
uny ms
s, fyw s, f,w
(5.2) Extg /)’ (M§) Extgl?), (M§)

pk; (%BS S

oS R
EXtZ(n;I;V (M3).

Regardless of the method, upon computing the E5-page at any prime one easily deduces that

the motivic Adams spectral sequence collapses over C and R for degree reasons. A similar

story holds over finite fields, replacing the p-BSS with the v-BSS in the odd primary case.
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Remark 5.6. Our computations show that in the cases where F' = C and p is any prime,
F =Randp > 2, and F = F, with a trivial Bockstein action and p is any prime, the
Es-page of the mASSF(BPGL<1>) can be expressed as

Ext: (f’) (Mg,MII:) Ext® (f by (Fp,Fp) ®M5 ~ ij[vo, v1].

To be more direct, this shows that the motivic Fs-page is determined by the classical Fo-page
of the ASS,(BP(1)) and the integral motivic homology of a point. A similar observation
was made in [Mor25b|, where in the case of a trivial Bockstein action, the Es-page of the

mASqu (kq) was shown to be determined by the classical Fa-page of the ASSs(bo) and
the motivic homology of a point.

5.3. The homotopy ring of BPGL{1)-cooperations. Next, we compute the homotopy

of BPGI{1) n BPGL(1). We begin by computing the Ext groups Ext:;{l;”; (Ly(K)).

Lemma 5.7. Let L, (k) denote the kth lightning flash module. Then there is an isomorphism
of My-modules and £(1), -comodules:

Extgy) (Ly @ Extg 5y, (M) {zi} @ Extz{i}) (Mp){an},

where |z;| = (2i(p — 1),0,i(p — )) and where
V1T; = VoTiy1
forall0 <i<k.

Proof. For k = 0 we have that L,(0) = M,, and the Ext group in question was calculated
in Proposition Lemma and Lemma

For k = 1, we use the short exact sequence of £(1),-comodules from Equation (3.2), which
takes the form
0 — S2EDPIN, — L (1) = (E(1),//€(0),)

Applying the functor Ext} (f ’) (—) gives the following long exact sequence in Ext:
= Bxtght (S0P TIMG) — Bxtghit (Ly(1) = Bxtglyt (E(1),//€(0))") =

Observe that (£(1),//€(0),)" = 5'(1);5(0[)]VI\/JIP7 and so we can rewrite the right hand term

using a change-of-rings isomorphism:
s, fow v s, f,w
Extg(l) (&), 8(9 M,) = Extg(o) (M,).

Our prior calculations of Ext; (f )y (M,) and Ext?(fd;; (M,) show that the connecting homo-

morphism
2w 4 +1,f-1,
Eth*(o) M,) — Extz(l); “(M,)
must be trivial for degree reasons. This implies that the long exact sequence decomposes

into short exact sequences which allow us to construct Exty, (f )y (Lp(1)) from the surrounding
p

Ext groups. In particular, we have an isomorphism

Extyfiy) (Lp(1) = Extyfy, (M) {zo} @ Extgfy, (M) {1},
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where |zg| = (0,0,0) and |z;| = (2i(p — 1),0,i(p — 1)) The extension vz = voz; follows
from the same methods as in the classical case.

Now, suppose the statement is true for all £ < n. By the inductive hypothesis on the
structure of Extz(fl)“i (Lp(n — 1)), the long exact sequence in Ext induced by
p
0 — S2P=DPL (0 — 1) — Ly(n) — (E(1),//€(0),)" — 0
has a trivial connecting homomorphism. Using the change-of-rings isomorphism again sup-
plies us with an isomorphism

Extgly, (Lp(n)) = Extglpyt (S207D071 L, (n — 1)) @ Exty)) (My).

Relabel the generators z; € ExtS/ (Lp(n — 1)) by xi+1, and let xy denote the generator

EQ)y
of Ext?(fo’)wv (M,). The hidden extension vz, = vozn4+1 follows from the same methods as
P
in the classical case. By our inductive hypothesis, we have extensions vx; = vox;y1 for all
0 < i < n, concluding the proof. O

For the benefit of the reader, we depict the group Ext?(fl’)“i (L,(2)) for all fields in question

in Figure [5.6] Figure 5.7 Figure (.8 Figure[5.9] and Figu;e (.10l

6 4 > L

0 2p—2 4p —4 6p — 6 8p—8

FIGURE 5.6. Charts for Ext?(fl’)ui (ME, LE(2)) for F = C at all primes or R

at odd primes. For F' = C, a e denotes F,,[7], and for F = R, a e denotes
F,[0]. A vertical line indicates vo-multiplication, while v;-multiplication is
suppressed.

Building off of the observation we made in Remark we have the following.

Corollary 5.8. If F' = C at any prime, F' = R and p is odd, or F' = F, and there is a
trivial Bockstein action, then

Extg(fl)w (ML, Ly(m)) = Ext‘;’{l); (Fp, L (m)) @ ML,

where ch)l (m) denotes the classical lightning flash module.



34

JACKSON MORRIS, SARAH PETERSEN, ELIZABETH TATUM

FIGURE 5.7. Charts for Ext;:(fl)“; (M5, L%(2)). A e denotes Fo[7%], and

an orange class denotes T2vp-divisibility. A vertical line represents vg-
multiplication and a horizontal line represents p-multiplication, while v;-
multiplication is suppressed.

0 2 —2 dp—4 6p—6 8p—8

FIGURE 5.8. Charts for Extfg’(fl’)“; (M7, Ly?(2)) for p any prime with a triv-

ial Bockstein action on ;. A e denotes Fa[7] in the case of p = 2 and F,[(]
for p odd. A vertical line represents vo-multiplication and a horizontal line
represents u-multiplication, while v;-multiplication is suppressed.

Proof. The descriptions of Exts/)w (Mg ,Mg ) given in the proof of Proposition and

Lemma tell us that Extz’(fl’)“’;

EM)y

(ME, ME) = ExtS/

By (Fp,Fp) ®M5. Likewise, the descrip-

tions of ExtS/® (Mg , Mg ) given in Proposition and the proofs of Proposition and

£(0)y
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-1 0 1 2 3 4 5 6 7 8

FIGURE 5.9. Charts for Extz’(fl’)l:v (M]g" , L]gq (2)) with a nontrivial Bockstein

action on F,. A e denotes F5[72], and an orange class denotes pr-divisibility.
A vertical line represents vg-multiplication and a horizontal line represents
p-multiplication, while v;-multiplication is suppressed.

8 /8

0 8 16 24 32

FIGURE 5.10. Charts for Ext?(fl’)ui (ng, LEQ(Q)) for p = 5 with a nontriv-

ial Bockstein action on F,. A e denotes F5[¢°], and a blue class denotes
F5{~(7}[¢"] for some 1 < j < 4. A vertical line represents vo-multiplication,
and a horizontal line represents y-multiplication, while v;-multiplication is
suppressed.
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Proposition tell us that Exti:(fo’;li (M], M) =~ EXtE{O)V (Fp,Fp) @M. The claim follows
immediately Trom combining these observations with Lemma [5.7} O

The following analogue of Lemma [4.1] will be useful.

Lemma 5.9. The differentials in the mASS,(BPGL{1) n BPGL(1)) are determined by
the differentials in the mASS,(BPGL(1)).

Proof. The map BPGL{1) - BPGL(1) n BPGL(1) induces an inclusion on FEs-pages

EXt;(ﬁ)u; (M,) — @ ZQk(p_l)’k(p_l)Eth’(fl’)“; (L(vp (k") ® W).
k=0

This is the inclusion into the £ = 0 summand of the right side, recalling that L,(0) = M,,.

This determines all of the differentials on this summand. By Lemma we understand

the Extz(fl)’; (M,)-module structure of the remaining summands Extz’(fl’;; (Lp(vp(k!) ®@Wh),

which we may rewrite as

vp(k!)—1
@ (EX'EE’({)’)U; (Mp){z:}) @ EXtZ(fl)u; (Mp){@w, (1)} ® Vi,
i=0
where V; is a sum of suspensions of M,,. The module structure lifts the differentials on
Extz(fl)ui (M,) to these summands in the expected way. O

We can now compute the homotopy ring of cooperations.

Theorem 5.10. Let F' € {C,R,F,}, where char(F,) # p. Then there is an isomorphism for
all primes p:
Txx«(BPGL{1) A BPGL(1))
= 6—) ((Tr*y*BPGL<O>){ZL'0, . axup(kl)—l} &) W*y*(BPGL<1>){£L'Vp(k!)} &) Wk) s
k=0

where Wy, is a sum of suspensions of M.

Proof. By Lemma the differentials in the mASS,(BPGL{1) A BPGL(1)) are deter-

mined by the differentials in the mASS,(BPGL(1)) by using the EX‘LZ’(’;’;“Uv (M,)-module

structure on Extz’{l’;; (Ly(vp(K!)) @ W) obtained from Lemma Note that these differ-

entials are in turn determined by the differentials in the mASS,(BPGL{0)) by v;-linearity,
following the argument given in the proof of Proposition

To be precise, let d5°°P denote the differential in the mASS,(BPGL(1) n BPGL(1)), and
let d, denote the differential in the mASS,(BPGL(0)). Each summand of the Es-page of
the mASS,(BPGL{1) A BPGL(1)) takes the form

vp (k) —1
B (Extzfy (My){z:}) @ Ext;’(fl’;g (Mp){z, (k1) } @ V-

i=0 5
For any class a € Ext;’(fo’)ui (M,,), we have that
P

AP (o) = dp (@)
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for all 0 < i < v,(k!) — 1. For any class 8 € Ext?(fl’)ui (M,,), we can rewrite 8 by factoring

out the maximal power of v; which divides it, so that 8 = v{3’, where 8’ € Exti:(fo’;li (M,).
P
This implies that

7% By, (k) = A7 (1 B, b)) = v dr(B)20, (k1)-
For the same reason as given in Lemma there can be no differentials involving the
Vi-term.

Thus, in each summand of the mASS,(BPGL{(1) n BPGL(1)), the differentials are con-
tained within their individual sub-summands. Using our knowledge of the values of these
differentials, we have shown that each summand abuts to

(W*’*BPGL<O>){.CL‘1, N xvp(k!)—l} (—B (ﬂ*’*BPGL<1>){$Vp(kI)} (—B W}c,

where W, is a sum of suspensions of M,. Ranging over k > 0 proves the claim. O

Remark 5.11. For p = 2, this gives a computation of the homotopy ring of cooperations
for effective algebraic K-theory, recalling that a model for BPGL(0) is HZ:

mh o (kgl A kgl) = @ ((mf LHZ){wo, ..., Ty (11y—1} ® (T4 kg {T,, e} D Wi) -
k>0

This extends the computation for F' = R shown in [LPT25a].

We depict the Ey-page of the mASSS (BPGL{(1)A BPGL(1)) in Figure Note that since
the spectral sequence collapses over C, one may also interpret this figure as the actual ho-
motopy ring of cooperations 7§ , (BPGL(1) A BPGL(1)) as a module over 7§ , (BPGL(1)).
A M denotes Fa[7,v0] and a e denotes F3[7], with an upwards arrow indicating an infinite
tower of vg-multiplication. As usual, we supress v;-multiplication. Different colors corre-
spond to different summands. For example, the color black refers to the £ = 0-summand,
which is isomorphic to Extza‘);; (MS), and the color blue refers to the k = l-summand,
which is isomorphic to

SHExty ) (L3 (e (1)) = B2 Exty 5% (M),

and the color red refers to the £ = 2-summand, which is isomorphic to

SE2Exty 1 (L3 (12(2))) = B2 Exty gl (M5) @ S9Exty ()7 (M).

Note that one may alter this image to give the Es-page over all base fields F' of interest

in the following way. First, replace each B with a copy of Ext?(z;’t (MZ). Then, replace
2
%%, %

£(1)y (M£). Similar changes produce charts for
the case of an odd prime p, where the stem axis is relabeled with 2(p — 2) instead of 2, and
the proliferation of M changes depending on the values of v, (k!).

Remark 5.12. While it is useful to be able to analyze the mASS,(BPGL{1) A BPGL(1))
in a way that is independent of base field, it also makes the cases of F' = C or R sound more
complex than they actually are. Indeed, although we are able to lift the differentials all the
way from the mASS,(BPGL(0)) to this spectral sequence, there is a bit of a triviality in
these cases: there are no differentials to lift, and everything in sight collapses at Fs.

Remark 5.13. In the cases of BPGL{0) and BPGL(1), we see a pattern in the differentials
in the motivic Adams spectral sequences for the coefficients and the cooperations: the only
classes which could possible support differentials are those which are divisible 7 or {. Over

each diagonal vi-tower with a copy of Ext
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180 %%%
| i
|

0 4 8 12 16 20

FIGURE 5.11. The homotopy ring of cooperations WE’*(BPGL<1> A
BPGIK1)) for p = 2.

C and R there are no differentials, with every spectral sequence collapsing at the Es-page.
This behavior is a genuine lift of the classical story, as the corresponding spectral sequences
for BP{0) and BP{1) also collapse at the Es-page. In fact, as the Adams spectral sequences
for BP(2) and BP{2) A BP(2) also collapse at Ey |Cull9|, one is inclined to believe that
our motivic findings at lower heights also carry over to the BPGIL{2) cooperations algebra.

5.4. Constructing the spectrum-level splitting of BPGL{1) A BPGL{1). Now, we
construct splittings at the level of spectra. Note that many of the proofs given here bear
similarity to, and are indeed inspired by, those given in [LPT25al Section 6]. We include
our arguments in full for the reader’s convenience, starting with an overview of the strategy
of the argument.

5.4.1. Overview. Similar to our splitting of BPGL{0) A BPGL{0), we will produce a split-
ting of BPGL{1) A BPGL(1) by means of a relative Adams spectral sequence. First, we
will give a much simpler BPGL{1)-splitting,

(5.3) BPGL(1) A BPGL(1)~ C VvV,

where V' is a wedge of suspensions of H and C' contains no H summands. Then we will
show that there is an isomorphism of £(1),-comodules

C_D 0y : g%(p—1)7k(p—1)HEI:’GL<1>BPGL<1><UP(M)> = HfffGMDC.
k=0
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We can realize the maps 6; on the individual summands as classes in degree (0,0,0) of the
following relative Adams spectral sequence.

E;’f’w — EXtS’f’w

o (HffGMDZ%(p k-1 BPGL1Y W) H, *C>

— [p2ke-1ke-1) BpGL(1)Fe ) C]BPGL<1>

(s,w)
Showing that each 6 survives the spectral sequence produces maps
b : SRV BPGI(1y»*) s

which, since they are induced from the prescribed homology isomorphisms, must assemble
to give an equivalence of spectra (up to p-completion). Combined with Equation (5.3)), this
indeed yields a BPGL{1)-module equivalence

[oe]
BPGL(1) A BPGL(1) ~ \/ 2= DHe= U BpG L1y ™) v v
k=0

5.4.2. Adams covers and relative homology. We begin by establishing a simpler topological
splitting.

Proposition 5.14. There is a BPGL{1)-module splitting
BPGL(1y n BPGL(1) ~ C v V,

where V' is a wedge of suspensions of H and C contains no H summands.

Proof. Recall from Proposition [3.2] that there is an isomorphism of £(1), -comodules:
H, «BPGL(l)y =~ (P £2*e=Dke=D 1 (1 (K1) @ W,
k=0
where each Wp is a finite sum of suspensions of &£ (1); . In Proposition we showed
that Hf:f:GMDH =~ £(1), . Now, take Vi to be a wedge of suspensions of H such that

HE Y DV, = Wy, Letting V = \/4 Vi, we have that

BPGL<1>V (‘B W,
k>0

Consider the BPGL(1)-relative Adams spectral sequences

E;;ﬁ EXtS fow

e (HBPGL<1>V H,. BPGL(l)) — [V,BPGL{1) A BPGL<1>]gI:UC)¥L<1>

B3I = Ext® (fl)w (Hiw BPGL(1), Hey “* V) — [BPGL() A BPGL(L), VIS
We can view the inclusion
i HPLOMVy ~ W s H, ,BPGL(1)
as a class in filtration 0 of the first spectral sequence, and we may view the projection

j: HywBPGL(1) > W =~ HZL Ly

as a class in filtration 0 of the second spectral sequence. Since H,E fGL<1>V is free over
& (1)1; , both spectral sequences are entirely contained in filtration f = 0. Adams differentials
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increase filtration, hence both spectral sequences collapse. This implies that the inclusion
and projection maps lift to give maps of BPGL(1)-modules:

V — BPGL(1) A BPGL{1) — V.

This gives the desired splitting BPGL{1y A BPGL{l) ~ C v V, where C contains no
H-summands. ]

Remark 5.15. Classically, there is a simplified version of this proof. It is a theorem of
Margolis [Mar74| that any bounded below, locally finite spectrum X admits a decomposition
into C' v V| where C is a wedge of suspensions of H and C contains no H-summands.
Margolis’s proof is exactly the same as the one given here, except that he uses the classical
Adams spectral sequence, rather than a BP{1)-relative Adams spectral sequence. If one
were to know that the motivic Steenrod algebra was injective as a module over itself, then
one could give such a splitting for any bounded-below, locally finite motivic spectrum. Such
a splitting would be useful in studying the cooperations algebra for Hermitian K-theory
kq A kq. For that case, A(1) plays the role that £(n) plays for BPGL{(n), so knowing that
A(1) is self-injective would suffice.

Proposition 5.16. Let BPGL(1)X™ denote the n'* Adams cover of BPGL{1). Then there
is an isomorphism

HEEF Y (BPGLOY®) = L, (k).

Proof. Recall that the Adams covers BPGL{1){™ are defined by a minimal Adams resolu-
tion of BPGI(1):

BPGLOYY +—— BPGLYY +—— BPGIL{1)® —

,’/7 /’/7 /’//

Koy~ K, - Koy
We let BPGL{1)X? := BPGI(1), and we inductively define the Adams covers so that

BPGL{1)(™ is the fiber of BPGL{1)("~1 =, Tt Kooy for all n> 1. Now, since BPGL(1)

and H are both BPGL{1)-modules, we can apply relative homology HBPGL<1>( )

F
minimal resolution of M, by £(1),-comodules.

to get a

We proceed by induction. Choose Ky = H and the map ip : BPGL{1) — H to be the unit
map in H**BPGL{l) = [BPGL(1), H](x ). Applying relative homology to the cofiber
sequence

BPGL(1YY — BPGI(1) % H
gives a long exact sequence
— HZL "YU BPGL)Y® — ME - £(1)) —
By inspection, we have that HBPGL<1>BPGL<1><1> =~ L,(1).

Now, suppose that HBPGL<1>BPGL<1><’€> =~ L,(k) for all k < n. Define

_ é $2i(p—1)+1,i(p—1)
i=0
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Recall that

L,(n) =&MW {x1,z2, - ,2n | 2i11Q1 = ,Qo, 1 <i<n—1}.
Define a map
in: Ly(n) » HELOM VK,
by sending z; — X2 @-D+Lile-1)] ¢ Z2i(p—1)+1’i(p_1)8(1)g. This map can be realized by a

map of spectra i, : BPGL{1)"’ — K,. To see this, consider the relative Adams spectral
sequence

Extz(fl;; (Lp(n) H*BfGL<1>K ) — [BPGL(1)™ K, ]fi)c):mn

The homological map 4, : L,(n) — HBPGL< VK

n 18 represented by a a class in filtration

f = 0. Since HBPGL<1>K is a finite type sum of suspensions of £(1); and we showed in

Proposition that & (1); is self-injective, the spectral sequence collapses at the Es-page,

and so we get the indicated map of spectra. By induction and the long exact sequence in
relative homology associated to
BPGLY ™D — BPGI(1Y™ I K,

we obtain the desired isomorphism. O

Combining Proposition [3.16] and Proposition with Proposition [5.16] tells us that we
have £(1),/-comodule 1nclu51ons

Oy : D2k =Dk g BPCLU pparyen ) o gL o

0
such that @ 6y, is an isomorphism. We can view each 6 as a class in degree (0,0,0) in the

relative Adams spectral sequence

(54) B3I = Exgly, (Hff:GL<1> (Ezk@ 1).k(p-1) g pGL<1><up<m>>> , HffGL(DO)

(5.5) — [22k@-D)ke-1) ppGL(1)e kD) O]BPGL<1>

(s,w)
Combining Proposition and Proposition allows us to rewrite the Fy-page as
@ Bxtyfyy, (SHOVEIL (v, (k). Ly(rp(m!)))
m=0

and
0, - n2k=1), k(pfl)Lp(Vp(k!)) N @ Ezm(pﬂ),m(pﬂ)Lp(yp(my)).

m=0
In particular, note that 6y is the identity map into the summand m = k, and maps trivially
into all other summands.

If we can show that each map 0} survives the spectral sequence, then we will have maps
0y : 22(11—1)k7(p—1)kBpGL<1><Vp(k!)> = C

such that their sum is a BPGL{1)-module equivalence. First, we must compute the groups
Extz(fl’)v (Lp (k),Lp(m)) so that we can analyze the Es-page of the spectral sequence in

Equation (5 .
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5.4.3. Computations with lightning flash modules. Our final argument relies on the compu-

tation of the groups Ext;’(fl’)wv (Ly(k),Ly(m)) for all values of k,m > 0. We begin with a
P

useful lemma.

Lemma 5.17. There is a ‘wrong-side’ change-of-rings isomorphism

Extgf (E(1)p//£(0)p), =) =BG -0 DBty (M, ).

Proof. By the equivalence of categories between left £(n), -comodules and right &(n),-
modules of Proposition [3.4] we have an isomorphism

Ext s,fow

D (EM)p//E(0)p) Y, =) = Extili)! (E(1)y//€(0),) ¥, ).

Note that as an £(1),-module, we have that

(E(1)p//E(0),)" = ZEP=DHEPTLE(L), //€(0),
The ordinary change-of-rings isomorphism yields

Exts(f’) (Z(2p 2)+1,p— 15( )p//g(o)w_) ~ - (2p-2)-1,—(p- l)EXtZ(fO’) (M, —).

Passing back through the equivalence of categories of Proposition [3.4] gives the result. [

The following is straightforward and is easily checked by drawing the relevant lightning flash
modules.

Lemma 5.18. Suppose m > k. Then when s < 0, we have
2p—2)s,
Hom{) 2*" (L, (k), Ly(m)) = 0

for all w.

We are now ready to compute Ext;:(fl)“’ (Ly(k), Ly(m)) for k < m. In the following proof, we

say that an element x generates a “vg-tower” to mean that = generates Ext;:(J;)“’ (M, M,,).

We depict the spectral sequence described in the proof below in the case of F =C and
p = 2 in Figure [5.12] and Figure [5.13] Similar charts for F = R and p = 2 are depicted
in [LPT25a, Sectlon 6]. We encourage the reader to refer to these charts while reading the
proof.

Proposition 5.19. Suppose that k < m. Then

Ext3 (s (Lp(k), Ly(m)) = Bxty" (My, Ly(m — k) @ B,

where B consists of vy and vy-torsion concentrated in filtration f = 0 and negative stems.
To be precise, B consists of:

(1) A direct sum ofMg in filtration 0 and negative stems congruent to 1 modulo 2(p—1),
when F' = C and p is any prime;

(2) A direct sum ofME in filtration 0 and negative stems congruent to 1 modulo 2(p—1),
whenever F =R and p > 2;

(3) A direct sum of Fa[p, 7] in filtration 0 with generator in negative stems congruent
to 1 modulo 2, whenever F' =R and p = 2;
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(4) A direct sum of ng [u]/(u?) in filtration 0 with generator in negative stems congru-
ent to 1 modulo 2(p — 1), whenever F = F, has a trivial Bockstein action and p is
any prime;

(5) A direct sum of Fa[r?], Fa[12,p]/(p?), and Fa[r2, p7]/((p7)?) in filtration 0 with
generator in negative stems congruent to 1 modulo 2, whenever F' =T, has a non-
trivial Bockstein action and p = 2;

(6) A direct sum of F,[CP], F,[CP,7]/(¥?), and Fp[CP, ¢/ ((v¢9)?) foralll < j <p—1
in filtration 0 with generator in negative stems congruent to 1 modulo 2(p — 1),
whenever F' = F, has a nontrivial Bockstein action and p > 2.

Proof. We proceed by induction on k. The case of k& = 0 was computed in Lemma [5.7}
Suppose the result holds for all n < k. The short exact sequence of lightning flash modules

from Equation (3.2):
0 — X2E=DPLL (k= 1) — Ly(k) — (E(1),//€(0),)" — 0.
induces a long exact sequence of the form

- Extg(f;;;i (Ly(k), Ly(m)) — Extz’(fl’)“; (22=DP=1L (K — 1), Ly(m))

(5.6)
A Bt (E W)/ E(0))Y s Ly(m)) — -+

We will show our result by studying the spectral sequence associated to this long exact
sequence. By the inductive hypothesis, we have that:

Exti (Ly(k — 1), Ly(m)) = Extylsl (M, Ly(m — k+1)) @ B.

By the change-of-rings isomorphism of Lemma [5.17] we also have that:

Ext?(ﬁ’;; (5(1)//5(0));,Lp(m)) ~ 2_2(P—1)—17—(p—1)EXt?(fd)1; (M, L,(m)).

Thus, we may write the spectral sequence associated to Equation (5.6) as

(5.7)
E*2<P*1>*1>*<P*1>Extg{d)“; (M, Ly(m)) ® E*2<p*1>’*(P*1>Extg(§)“; (M, Ly(m —k +1))® B
— Exty]) (Lp(k), Lp(m)).

EM)y

Notice that the B summand cannot support any differentials as it is concentrated in Adams
filtration f = 0.

As an £(0), -comodule, we have that
Lp(m) ~ Mp @ 22(p71)+1’(p71)5(1); QP 22m(p71)+1,m(p71)5(1)]\3/ )
This implies that the left-hand Ext group on the E;-page can be expressed as

By = Extyy, (Mp, Ly(m)) = Extg ) (M, M,) @ W,

where W is a sum of suspensions of M, in stems congruent to 1 modulo 2(p — 1).

Let the generator for the vg-tower in 2_2(17_1)’_(1’_1)Ext§’£’)ui (M, L,(m — k + 1)) of lowest

stem degree be denoted x, and let the generator for the only vg-tower in
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FiGure 5.12. The FEj;-page of the spectral sequence computing
Ext" (Ly(1), L2(2)) in the case of F = C. The black portion denotes

E(L)3
Ext?é’)“; (M$, L»(2)) and the red portion denotes Ext;}’({)’;; (MS,MS), and

differentials are blue

2*2(”*1)*1’*(”*1)Ext§’(fd;ﬁ (M, L,(m)) be denoted y. Note that
P

z[ = (=2(p = 1),0,=(p—1)) and |y[=(-2(p—1)—1,0,—(p—1)).

By inspection, we see that the only possible differential is from the vg-tower on x to the

vo-tower on y. By Lemma |5.18 we know that Exti((’i)_;)s’o’*(Lp(k),Lp(m)) = 0. Thus z

must support a differential, and for degree reasons it is of the form

d(z) = voy.
By the same argument, the expression 7"z, or 8™z, or ("x, depending on the base field and
prime must support a differential for every 7", 8™, or (" appearing in Eth’(fO’)“i (M, M,,).
p

Thus, there are differentials
d(t"z) = 7"voy, d(0"z) = 0"vey, d(¢"x)= ("voy.

Since the spectral sequence is linear over Ext;’(fl’)“; (M,,M,), we also have differentials

d(vyz) = vp* 'y,

and, for base fields F' where the expressions make sense, we have differentials
d(wvha) = wgtty,  d(pr-vgz) = prvgtly,  d(v¢ - vgr) = ¢ ugty.

This determines all the differentials in the spectral sequence, and there are no extensions for

degree reasons. The particular values of B are determined by any class in Ext;’(fl’)wv (M,.M,)
P

in negative stem which does not support vg-multiplication, any class in Ext?(fo’)'; (M,, M,)
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in filtration 0, as it cannot be in the target of a differential, and induction. This concludes
the proof. 0

—4 -2 0 2 4 6

FIGURE 5.13. Charts for Extz’(fl’;zv (LS(1), LE(2)). The red class in bidegree

(—3,0) constitutes the torsion B summand.

To aid in our proofs, we recall the classical groups Eth’,{l); (Le(k), L (m)). When k < m,

EXt%{l); (L;cal(k)vL;l(m)) = Folvo, vi[{wo, T1, - - - | V175 = voTiy1},

where |z;| = (2¢,0). When & > m,
P . z V1Yi = VoYi+1,
Ext‘;’(l); (L, (k), Ly (m)) = Fplvo, vi {2 }@Fp[vo, v1] { Yo, Y1 - - - Ye—m—1| Yoyo = 0,
V1Yk—m-1 =0
where |z| = (0,k —m) and |y;| = (=1 —2(k —m —1),0). These Ext-terms can be visualized
as in the charts given (which depict the p = 2 case) in Figure (where k < m) and
Figure (where k > m).

Proposition 5.20. Suppose F = C or F =F, and p is any prime where char(F,) = 1 (p?),
or F =R and p is odd. Then

Exteys (Lp(k), Lp(m)) = Extigl,, , (L (k), Ly (m)) @ My

Proof. First, note that the case of k£ < m is an immediate consequence of Proposition [5.19
combined with the description of Ext?(fl’;; (MF, L,(m)) for k < m found in Corollary |5.8
Thus, we must only prove the case of k > m.

Fix an m > 0, and start with the base case k = m. By Proposition [5.20]

Ext?(fl’)up; (L,(m), Ly(m)) = Ext‘;’{l); (L (m), LS (m)) @ M.
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FIGU?E 5.14. FIGURE 5.15.
s, cl ) c
Extzn), (F2, L5'(3)) Eth{l)g (L5 (3),Fq)

Suppose that for all &' < k, Extz’(fl’)“; (LY (K, L (m)) = Ext;{l); (LEHK), L (m)) @ ME .

As in the previous proposition, the short exact sequence of lightning flash modules from
Equation (3.2) induces a long exact sequence of the form

e Ext?(fl’)“; (Lp(k), Ly(m)) — Ext?(fl’;; (22e=VP=1L (k — 1), Ly(m))

L Bt S (E () /E(0)) s Ly(m) = -

(5.8)

Recall that

Extg(flv;; ((E(1)//£(0))), Ly(m)) = Ext?({)’)’zv (S-2-D=G-DMF | T, (m))

= M [vol{y},

where |y| = (—=2(p — 1),0,—(p — 1)). Consider the generator

C9(p—1)—(p— —2(p—1),0,0 1)
$2p=1)=(p=yg ¢ Extg(l()?; ) (22@ b2 YLp(k = 1), Ly(m))
in degree (—2(p — 1),0,0). Note that the differential d preserves motivic weight, so either
d(z) = v *y or d(z) = 0. Comparison with Ext?(fl’;; (Lp(m +1),L,(m + 1)), which we
computed in Proposition [5.19] implies that d(x) must be nonzero. Specifically, suppose
towards a contradiction that d(X~2P=1):=(P=1z) = 0. Then we will have an infinite vo-
tower in stem s = —(2p — 1) of Ext;’{l’;’; (LE(k),LE (m)) for k = m + 1 and k = m.
Combining this with the long exact sequence used in the inductive computation of Lemmal5.7]
would imply Extz(fl)lg (Lp(m +1),Ly(m + 1)) must also have an infinite vo-tower in odd
stem. But we already have already proven in Lemma that no such tower exists. Thus
d(272=1D=(=Dg) = ¢y Since the map d is Ext?(l’)“; (Mg,Mg) ~ Mf;[vo,vl]-linear,
we get
d(cng_Q(p_l)’_(p_l)xo) = cvg%k*”y

for all c e Mg and n = 0. It is clear from the stem degrees of the generators that no other
differentials can occur.
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To finish the proof, relabel 2 ~1.= =Dy, z as z and L =20~D-=®=Dy ag ... 1. Finally,
note that the extensions viy; = voyi+1 and v172y; = voT2y;41 must occur for exactly the
same reasons as in the classical topological case (that is, by looking at the representatives
of v1y; and voy;41 in the chain complex computing Ext*’(l’)>X< (Lp(k), Ly(m))). |

The case F' = R and p = 2 is addressed in |[LPT25a) Section 6|, where charts are also given.
We record the result here for the reader’s convenience.

Proposition 5.21 ([LPT25a, Lemma 6.8]). Suppose F = R and p = 2. Then the group

Ext*(*)* (LR(]C)7 L§(m)) when k > m consists of:

(1) a triangle formation consisting of
Ext Z{’{)”i (M3, M3) {yo, - -+ Ym—r—1}
with relations v1y; = VoYi+1, VoYo = 0, and V1Ym—_r—1 = 0 and
R nR
EXt;(T)* (M27M2) {T2y07 o 77-2ym7k:71}

with relations vi7%y; = VoT?Yit1, VET?Yo = 0, and V17%Ym—_k—1 = 0 where
lyil = (= 2(k —m —14) — 1,0, —(k —m — i),
(2) infinite p-towers generated in odd stem,
(3) a copy of vy - Ext*’*”; (M5, M5), with generator denoted x and |z| = (0,k —m,0),

E(1)
(4) p-pairs:
Falp,v1] {v1b|v]* 16 = pz, p*b = 0},
where |b] = (2(m —k) — 1,0, m —k —1).

The following proposition is proven in exactly the same way as Proposition [5.20
Proposition 5.22. Suppose F =F, where q # 1 (p?) and char(F,) # p. If k > m, then

ExtS/ " (Ly(k), Ly(m)) = Extls (7, MI) {x)

£(1)y E(1)y
U1Yi = VolYi+1,
r voYo = 0,
@Mp Yo, Y1y -+ Yk—m V1Y = 0, ® B,
zvg =0

where |x| = (0,k —m,0) z = p if p =2, 2z =7 if p > 2, and where B is as defined in
Proposition[5.19

Remark 5.23. While this case does not allow a description as a tensor product of the
classical with M , it is not so different: we just require either the relation pvy = 0 or
Yvg = 0.

We now have all the pieces we need to analyze the relative Adams spectral sequence. To
expedite our computations, we note that at any prime and for F' = C, R, or F,, the Ext-
group

Bt (Lp(k), Ly(m)),
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excluding the summand B, is generated by monomials of the form cvév{ x¢ when k < m with
ce Mg . Likewise, when k > m, the same Ext-group excluding the summand B is generated

by monomials of the form cviv’z and cviv!y,. Thus, we can describe any monomial in
0V1 0V1 )

Epfv = Eths(fl)ug (HQEGMD (2216(?*1)7k(p71)BpGL<1><Vp(k!)>) ,HﬁfGMDC)

as either b € B, or cvjv! z, where z is either R2(m=F)(p=1),(m=k)(p=1) 5, $32(m—k)(p=1),(m=k)(p=1) g,
or X2(m=k)(p=1),(m=k)(p—1),

Proposition 5.24. All differentials in the Adams spectral sequence

B =Bty (HILOHY (200 o) ppary @ ) gt e)

— [S2HE-DkG-) BPGL(1Ye () )BEGLD),

are determined by those in the Adams spectral sequence for BPGL{1). Specifically, if z is
any of the generators described immediately above, then

d, (cvév{z) = d,.(c)vjv 2.

for all ce M.

Proof. We will first show that the summand B is neither the source nor the target of any
differential. Note that the BPGL{1)-module structures of BPGL{1)*»*)> and C induce a
pairing of relative Adams spectral sequences

E, (BPGL(1), BPGL(1)) ® E, (BPGL<1><”P(’“I)>, c) Ny (BPGL<1><VP<’“>>, C) .

Recall from Proposition [5.19] that the summand B is concentrated in filtration f = 0, and

is generated over Ex‘cz‘i’g(fl;”v (Mﬁ7 , Mg ) by generators in odd stem s. Thus B is generated over
p

M, by monomials of the form cb, where c € Mf . Note that

ce Ey(BPGI(1), BPGL(1)) = Extgf" (M), M]),

so we can use the pairing of spectral sequences to say
d, (cb) = d.. (¢) b+ cd, (b),

where d.. is the differential in F,.(BPGL{1), BPGL{1)). Note that d.. is always either trivial
or vy or v1-divisible, so d/.(c)b = 0. This leaves us with d,.(bc) = cd,(b). We will now show
d,-(b) = 0 for all generators b of B.

Recall that the Adams differential d,. has degree (s, f,w) = (—1,7,0). Since the summand
B is concentrated in filtration f = 0, no class in B can be the target of any differential.
Furthermore, the summand B is entirely vi-torsion, so there can be no differential from B
to a vj-torsion class in 5/, Finally, note that all v;-torsion classes in filtration f > 0 are
in odd stem, and the Adams differential decreases stem by —1. Thus any differential exiting
a generator of B must indeed be zero, and so B must consist solely of permanent cycles.

Now we are ready to use the pairing of Adams spectral sequence to analyze the rest of the
spectral sequence. Note that cvjv] € Eo( BPGL(1), BPGL(1)). The pairing of the Adams
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spectral sequences implies
d, (Cv V] Z20m—K) (p=1),(m—k) (p— 1>$)
—d. (cvév{) S2m=R) =D (m=R) P g 4 el I, (zQ(m—k)(p—l),(m—k)(p—l)x)7
where d!. is the differential in E,.(BPGL{1), BPGL{1)). Furthermore, recall that
d, (cvév{) = d' (c) viv?.
So if d, (22 m—Fk)(p—1),(m—k)(p—1) ) =0, then
d, (CU VI T2 =) (p=1),(m=k) (p—1) ):d;( ) il £20m—R) (=), (m—K) (p=1)

and the same claim will hold if we replace by z, or y,. We will now finish the proof
by showing that for any generator ¥2(m—*)(p—1),(m=k)(p—1) 5 532(m=k)(p—1),(m=F)(p—1)g,  op
»2(m=k)(p=1),(m=k)(p—1)y, the differential d, indeed acts trivially. This is almost exactly the
same as the proof that the classical analogue of this spectral sequence collapses, for example
[LPT25al Section 2| presents this computation at p = 2.

Recall that the elements X2(m—F)(=1).(m=k)(p=1) g and 32(m—F)e-1).(m=k)P-1y, generate
the v;1-torsion free component over M [vg, v1], while the elements »2Am=k)(p—1),(m—k)(p=1)y,

generate the v;-torsion component over M [vg, v1]. We will start by showing that dy (B2m=R)(p=1),(m=k)(p—1) g, ) —
0. First, recall that no nontrivial differentials can go from v;-torsion classes to v;-torsion
free classes. So any potential target will be a sum of vi-torsion classes, of the form
220" =k) (=1, (m"=k)(p=1 cyiodyr where ¢ € ME and ¢ € Z. Next, observe that all vi-torsion

generators X2(m'—k)(p—1).(m'=k)(p~1)y, have degree
‘E2(m —B)(p=1),(m'=k)(p—1) yl‘ = ( ( - 1)71— 170377’)
for some n € Z. Recall that the Adams differential d,. has degree (s, f,w) = (—1,7,0), so any
potential target must have degree (2(p — 1)n — 2,7, (p — 1)n). Consider a potential target
$2(m’—k)(p—1),(m’—k) (p— Devivl 1y;. Observe that this potential target will have degree
D20 =R (=), =) (0=1) By | = (20 — 1,7, n') + |c|

for some n' € Z. So we need |c| = (2a — 1,0, a) for some a € Z. No such monomial exists in
any MY, so indeed d,(S2(m=Rp=1D.(m=k)p=1)y,) —

Now we will show d,(X2(m=F)@=1).(m=k)(p=1g) — (. First, we will show that no v;-
torsion-free class is a potential target, for degree reasons. This is exactly the same ar-
gument as we just gave above: X2(m—R)E—1).(m=k)(p-1y has degree |z| = (2n,0,n) for

some n € Z. So any potential target must have degree (2n — 1,7,n). But a poten-
tial target N2(m=R)E—1.(m=k)(p=1) cymopz or R2m=k)(p=1).(m=k)(P=1cymyny, has degree
(2n',r,n')+|c| for some n’ € Z. So we need |c| = (2a—1,0, a) for some a € Z. No such mono-
mial exists in any ij. So there are no non-trivial differentials from 22(m—F)(p—1),(m=k)(p—1) 4.
to any wp-torsion free class.

By the exact same argument, there are no non-trivial differentials from 22(m—k)®=1).(m=k)(p=1) z-,
to any vp-torsion free class.

However, we still need to show that the vi-torsion classes cannot be potential targets of a
differential exiting a generator X2(m—k)(p—1).(m=k)(p—1) . op $320m=FK)(p—1),(m=k)(p—1) 4,
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The wvi-torsion classes in filtration f > 0 are of the form 22(m—k)(p—1)7(m—k)(p—l)cvév{yg,
which only occur in stem s < —1 —2(p — 1). Since

2(m—k)(p—1),(m—k)(p—1 s
@ SPREmDnmRED B b (Ly (1 (k1)) Lp(vp(ml)))
0<k<m
is contained entirely in stem s > 0, it only remains to show that there are no differentials
originating in v;-torsion free generators of

@ w2 REmD B Bxtg it (Ly (vp (D), Ly (vp(m)),

k>m
which are of the form X2(m—k)(p—1).(m=k)(p—1). Note that these generators are all in stem
—2n for some n € N, and so any potential target would be in stem —2n — 1. Fix n > 0.
We will put bounds on the Adams filtration of the classes in stem —2n, and bounds on the
Adams filtration of classes in stem —2n — 1. We will use these bounds to conclude that no
nontrivial differentials are possible.
The only v;-torsion free generator of £2(m—*)(p=1),(m—k)(p—1) Ext?(fl’)“i (Ly(vp(KY)), Lp(v2(ml)))
is $2m=k)(p=1),(m=k)P=1)3 in Adams filtration v, (k!) — v,(m!). It follows that in

(‘B $2(m—k)(p—1),(m—Fk)(p—1) Extz(fl)lz (Lf(z/p(k!)), Lf(u,,(m!))%

k>m

the only generator in stem —2n is ¥ =2 "z, which has Adams filtration

v (k1) = (k= )1).
Now we will show that any v;-torsion class in stem —2n — 1 will have lower Adams filtration,
meaning that no differential from ¥ ~2™~"z to such a class are possible.

Observe that in Ext;:(fl)“i (Lp(vp(k)), Ly(vp(m'))), the highest filtration of any v;-torsion
class in stem —1 — 2(p — 1)(1 + i) is vp(k!) — vp(m'!) —i — 1. Soin

B2 =D 0RO Bt (L (v (kD)) Ly (v (')

the highest filtration of any v;-torsion class in stem —1 —2(p—1)(1+i+k—m) is vp (k') —
vp(m'l) — i — 1. Thus, at any stem —2n — 1, the highest filtration class in stem —2n — 1 in

0
@ n2(m'—k) (p—1),(m’ k) (p—1) EXt?(fl’)l; (Lp(l/p(k!)), Lp(Vp(m/!)))
m=0

will be in filtration v,(k!) — v,((k — n + 1)!) — 1. So no v;-torsion classes can be the tar-
get of a differential exiting ¥ =2 "z, and indeed d,.(X2(m=R)P=1.(m=F)(E-1)z) = 0 and
d, (R2m=k)(p=1),(m=k)(P=1)y,.0) = 0 for all £. O

We may now prove our main theorem.

Theorem 5.25. For any prime p and for any F € {C,R,F,} where char(F,) # p, there is
a splitting of p-complete motivic spectra:

BPGI(1) A BPGI(1) = \/ £~ =D BpG L1y (K v v,
k=0

where BPGL{1)»F) s the v, (k)" Adams cover of BPGL{1) and V is a wedge of sus-

pensions of H.
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Proof. Recall that by construction, |0;| = (0,0,0) is the class g € Eth’(Ol’)O; (Ly(k), Ly(k)).
By Proposition d-(z9) = 0, and so 6 survives the spectral sequence. Thus we have
constructed maps

0y, : BPGL)Y®» ), ¢

yielding a splitting

\/ S#E-DEeD BPGL1)*r ™) v V = € v V = BPGI(1) A BPGII).
k=0

]

Remark 5.26. For p = 2, this gives a splitting of the cooperations algebra for effective
algebraic K-theory, recalling that a model for BPGIL{1) is kgl:

kgl A kgl ~ \/ =2 Fkgl2 v V.
k=0

This extends the splitting for F' = R shown in [LPT25a.

Remark 5.27. Classically, there is a spectrum-level decomposition of the BP{2)-cooperations
algebra [Cull9; |Cul20]

BP{2) A BP(2y~C vV,
where C' is vp-torsion-free and V' is a sum of suspensions of HF,. One approach to under-
standing BPGL{2) n BPGL(2) is to lift Culver’s result to the motivic context. There is
certainly a splitting BPGL(2) A BPGL{2) ~ C' vV where V is a sum of suspensions of the
motivic mod-p Eilenberg-Maclane spectrum. The summand C should also consist of mostly
vo-torsion, but the presence of p, u, or «y-towers slightly complicates things. Culver also
gives an inductive algorithm for computing the Es-page of the Adams spectral sequence

Extg{m (F,, Hy(BP(2) n BP(2))) —> ,(BP(2) n BP(2)),

and shows that this spectral sequence collapses at the Es-page. We expect that this result
readily adapts to the motivic setting as well, with the only modification being that the
spectral sequence may not collapse, rather all differentials are determined by those in the
Adams spectral sequence for BPGL{2), just as in the height one case.

5.5. Related Results. One immediate consequence of our computations in the previous
section is that these Adams covers are uniquely determined (up to homotopy) by their
homology.

Theorem 5.28. If X is a BPGL{1)-module spectrum such that HffGMD(X) ~ Ly(k),

then X ~ BPGL{1)("™.

Proof. Consider the BPGL{1)-relative Adams spectral sequence

By = Bxtgly (MM X H MY BPGLOY™) = [X, BPGLOY™ (ST

The FEs-page can be rewritten as Ext?{l’)“i (Ly(k),Ly(k)), and we can view the identity
P

map L,(k) — Ly(k) as a class in Ey*°. This is a summand of the spectral sequence we
analyzed in Proposition [5.24] and Theorem [5.25] and by the analysis we gave there the class
representing the identity map must survive the spectral sequence. So indeed this map lifts
to an equivalence of BP{1)-module spectra X — BPGL{1)¥»()), O
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Our computations also yield a description of the BPGL({1) operations algebra.
Theorem 5.29. The BPGL(1)-operations algebra [BPGL{1), BPGL(1)] splits as

0
[BPGL(1y, BPGL{1)] ~ P[P~ D:kr=D) ppGL1y¥» ") pPGL{1)]| PP,
k=0

Furthermore, the Adams spectral sequence computing [BPGL(1), BPGL{1)] has signature

[e¢]
EyT = @ Bxteq, (S*F@DHREVL (1), M]) — [BPGL(1), BPGI(1)].
k=0

All differentials in this Adams spectral sequence are determined by those in the Adams spec-
tral sequence computing s « BPGL(1), and Proposition Proposition and Propo-
sition [5.29 compute the relevant Ext groups.

Proof. Observe that
[BPGL{1), BPGL{1)] ~ [BPGL{1) A BPGI(1), BPGL{1)|PPELL
so applying Theorem yields the splitting. For each k, the relative Adams spectral

sequence

E;f,w ~ Ext?(ff)wv (EQk(p_l)’k(p_l)Lp(k),Mf) — [E%(p—l),k(p—l)BPGL<1><VP(kl)>7 BPGI(1)]
is just the m = 0 summand of the spectral sequence discussed in Proposition [5.24] and so by
the same reasoning as in that proof, all differentials are determined by those in the Adams
spectral sequence computing 7., BPGL(1). |

5.6. Application to the BPGL{1)-motivic Adams spectral sequence. In this final
section, we apply our results to describe the Ej-page of the BPGL(1)-based motivic Adams
spectral sequence. Recall from Section [2.2]that the BPGL(1)-based motivic Adams spectral
sequence takes the form

E, = 7T5+f,w(BPGL<n> A BPGL(n}Af) = Win(p).

We can compute each filtration f = n-piece of the E;-page by a motivic Adams spectral
sequence taking the form

By = Ext’]" (M,,,H*,*(BPGL<1> A BPGL<1>A")> — «F (BPGL(1yABPGI{T)"").

We begin by describing the Fs-page of this spectral sequence. First, we make some more
general observations.

Lemma 5.30. There is an isomorphism of £(n)" -comodules

H, +(BPGL(n)) =~ (P x*=D:k=Dp (k).

k=1

Proof. The cofiber sequence S — BPGL{ny — BPGL{n) gives a long exact sequence in
homology. Since Hy (BPGL(n)) = @), X2*e-D-k@=1U B, (k) by Proposition and
H, «(S) =M, = B,_1(0), the result follows. a

Lemma 5.31. There is an isomorphism of A, -comodules

Hy «(BPGL(n) n BPGL{ny") = H, ,(BPGL(nY) ® Hy (BPGL{ny)®’ .
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Proof. This follows by a similar analysis as was performed in Proposition We induct
on f. For f =1, consider the Kiinneth spectral sequence

Es = Tor™» (Hy «(BPGL{n)), Hy (BPGL{(n))) => Hy «(BPGL{(n) n BPGL{(n)).

Since Hy «(BPGL(n)) is free over M, the spectral sequence collapses and the result follow.
Suppose now this is true for all f up to &k — 1, and consider the Kiinneth spectral sequence

Es = Tor™ (Hy «(BPGL{n)y A BPGL<n>Ak_1)7 H «(BPGL(n)))
— H,.(BPGL(n) »n BPGLn) ).

By induction, we have a Kiinneth isomorphism on the left hand factor in Tor. By Lemma/[5.30
H, «(BPGL(n)) is free over M, so the spectral sequence collapses. The result follows. [

We now specialize to BPGL(1).

Proposition 5.32. The Es-page of the mASSf(BPGL<1>/\BPGL<1>Af) may be rewritten
as
Byl = @ SO HED Bt My, L (v (1Y) © W,
IeZ,,
where I, = {I = (ki,..., k) 1 kj = 1foralll < j < n}, I| = k1 + -+ + ky, and
L,(vp(IY) = Ly(vp(k1) ® -+ ® Lyp(vp(kn!)), and W is a sum of suspensions of M, in
filtration 0.

Proof. By the Kiinneth isomorphism of Lemma [5.31] and the change-of-rings isomorphism,
we may rewrite the Fs-page as

(5.9) Ext3/ (M, Hy «(BPGL{1))®").

My
Lemma and Proposition supply us with isomorphisms of £(1),/-comodules
H, +«(BPGL(l)) = (P x#*p=Dk0=D B, (k) =~ (@ x2E-DRE=D L (1, (k) © Wy,
k=1 k=1
where W}, is a sum of suspensions of £(1);. Using this to replace the first factor of
H, +(BPGL(1)) in Equation (5.9), we can rewrite the Fy-page again as
@ s DREDEE Y (M, Ly (v (k1) ® Ha o (BPGL{L)®" ) @ W,
k=1
where W is a sum of suspensions of M, in filtration 0. By repeating this process, each time
rewriting the tensor factors of Hy «(BPGL(1)), we arrive at
@ A==V EhY My, Ly (v(11) @ W,
IeZ,
where Z,, = {I = (k1,...,kn) 1 k; = 1foralll < j < n}, |I| = k1 +--- + ky, and
Ly(vp(I") = Lp(vp(k1!) ® -+ - @ Lyp(vp(ky!)), and W is a sum of suspensions of M, in
filtration 0. ]

The proof of Theorem then allows us to compute the homotopy of the n-line of the
BPGL{1)-motivic Adams spectral sequence.
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Corollary 5.33. Let F' € {C,R,F,}, where char(F,) # p. Then there is an isomorphism
for all primes p:

mF (BPGL(1) A BPGL(L)"") = @ ((nf ,BPGL0)){xo, . .., &1}
IeT,,

®(W£*BPGL<1>){ZE7H} @ WI)7

where m = vp(ki!) + - - vp(kp!) for I = (k1,...,kyn), and Wt is a sum of suspensions of M.

This determines the Ej-page of the BPGL{1)-based motivic Adams spectral sequence as
a module over 7. BPGL(1). To conclude, we observe that our spectrum-level splitting of
the cooperations algebra lifts to describe the entire n-line.

Proposition 5.34. There is an equivalence of p-complete spectra:
BPGL<1> A BPGL<1>An ~ \/ EQ‘Il(?’*l)#lH(pfl)BPGL<1><m> V2 ‘/7
IeT,

where m = vy(k1!) + - + vp(kp!) for I = (k1,...,k,), and V is a wedge of suspensions of
H.

Proof. By the same proof as in Proposition [5.14] we can produce a splitting
BPGIL(1) A WI@A” ~CvV,
where V is a wedge of suspensions of H and
HffGMDC ~ P S 1e=D 1, (m),

IeZ,,
where m = v, (k1!) + - - - + v, (ky!). By uniqueness of Adams covers shown in Theorem
it follows that C' ~ BPGL{1)\™. O

We expect this spectrum-level decomposition will be useful in determining differentials in
the BPGL{1)-motivic Adams spectral sequence. In particular, this decomposition is used
in the analysis of the classical ko-and BP{1)-Adams spectral sequences [Bea-+20; |Gon00|,
and we plan to adapt those strategies to the motivic setting.
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