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Abstract. We construct spectrum-level splittings of BPGLx1y^BPGLx1y at all primes
p, where BPGLx1y is the first truncated motivic Brown–Peterson spectrum. These are
motivic lifts of Mahowald and Kane’s splitting of BP x1y ^ BP x1y. These splittings are
given in terms of motivic Adams covers and constructed over the base fields C, R, and Fq ,
where charpFqq ‰ p. As an application, we compute the E1-page of the BPGLx1y-based
Adams spectral sequence as a module over BPGLx1y, both in homotopy and in terms
of motivic spectra. We also record analogous splittings for BPGLx0y ^ BPGLx0y.
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1. Introduction

1.1. Motivation. The computation of the stable homotopy groups of spheres π˚S is a
central problem within stable homotopy theory and has motivated many significant devel-
opments in the field [Ada66; DHS88; IWX23]. The primary tool for computing π˚S is the
Adams spectral sequence, which converts homological algebra related to a homology theory
into homotopy groups. Roughly, given a homology theory E, one begins by taking a sort of
injective resolution of the sphere spectrum S relative to the homology theory E. Then, by
applying totalization and homotopy groups, one gets the E-based Adams spectral sequence
[Rav86].

Perhaps the most well-known Adams spectral sequence comes from taking ordinary mod
p-homology, which is represented by the Eilenberg–MacLane spectrum HFp. This results in
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the mod-p Adams spectral sequence, which takes the form

E2 “ Exts,fA_
p

pFp,Fpq ùñ πsSp.

Here A_
p “ π˚pHFp ^ HFpq is the p-primary dual Steenrod algebra, also known as the

homotopy ring of cooperations for the homology theory HFp, and Ext is taken in the cate-
gory of comodules over A_

p . This spectral sequence is particularly well suited for studying
homotopy groups from a large-scale computation perspective [LWX25].

Another perspective on understanding π˚S was first observed by Adams [Ada66]. Consider
the mod-p Moore spectrum S{p, defined as the cofiber of S ˆp

ÝÝÑ S. This spectrum has a self
map of the form ΣdS{p

v1
ÝÑ S{p which can then be used to construct what is known as the

α-family, a periodic family of nontrivial elements tαnu Ď π˚S:

αn : ΣdnS Ñ ΣdnS{p
v1

ÝÑ Σdpn´1qS{p Ñ ¨ ¨ ¨ Ñ S{p Ñ ΣS.

Chromatic homotopy organizes all of the elements of π˚S into vn-periodic families inspired
by the one above [MRW77].

One may attempt to access the vn-periodic families by means of an Adams spectral sequence.
However, the mod-p Adams spectral sequence is not well suited for this task, so one must
resort to other homology theories. For example, v1-periodicity, which is closely related to
the α-family, has been studied by using the bo-Adams spectral sequence [Mah81; LM87;
Bea+20], where bo is the connective cover of the real topological K-theory spectrum KO,
and the BP x1y-Adams spectral sequence [Gon00], where BP xny is the nth truncated Brown-
Peterson spectrum. For the purposes of this introduction, we will focus on the BP xny-Adams
spectral sequence.

The trade-off for more immediate access to vn-periodicity is that these spectral sequences
are less immediately computable. The spectra BP xny are not flat in the sense of Adams
[Ada74], and so to study the BP xny-Adams spectral sequences, one must begin by analyzing
their E1-pages. This takes the form

E1 “ πs`f pBP xny ^BP xny
^f

q ùñ πsS,

where BP xny is the cofiber of the unit map S Ñ BP xny. Key to working with this spectral
sequence is an understanding of the homotopy ring of cooperations π˚pBP xny ^BP xnyq.

For n “ 0, a model for BP x0y is HZppq. The homotopy ring of cooperations
π˚pBP x0y ^ BP x0yq was first studied by Cartan [Car55], and it was shown by Kochmann
[Koc82] that there is an isomorphism up to p-completion

π˚pBP x0y ^BP x0yq – Zp ‘W,

where W is a graded Fp-vector space. It is well-known that this splitting can also be realized
on the level of spectra.

For n “ 1, a model for BP x1y is ℓppq, the p-local connective Adams summand. The coop-
erations algebra π˚pBP x1y ^ BP x1yq was first described in terms of Brown-Gitler spectra,
with Kane and Mahowald [Kan81; Mah81] showing that up to p-completion,

BP x1y ^BP x1y »
ł

kě0

Σ2pp´1qkBP x1y ^HZk



SPLITTINGS OF TRUNCATED MOTIVIC BROWN–PETERSON COOPERATIONS ALGEBRAS 3

where the spectra HZk are the integral Brown–Gitler spectra [GJM86]. Lellman and Davis-
Gitler-Mahowald subsequently reinterpreted this splitting in terms of Adams covers [Lel84;
DGM81], showing that up to p-completion,

(1.1) BP x1y ^BP x1y »
ł

kě0

Σ2pp´1qBP x1yxνppk!qy _ V,

where BP x1yxny denotes the nth Adams cover for BP x1y in a minimalHFp-Adams resolution
and V is a sum of suspensions of mod-p-Eilenberg-Maclane spectra. This spectrum-level
splitting of the cooperations algebra, combined with the homotopy ring of cooperations,
makes computing with the BP x1y-Adams spectral sequence much more tractable.

In the last 15 years, much of the advancement of the computation of π˚S has come through
the lens of motivic homotopy theory, which is a homotopy theory for smooth schemes over
a base scheme S [Voe98a; Mor12]. Originally created to solve algebro-geometric problems
using homotopical techniques, it has also been extremely valuable as a way to study the
classical stable homotopy category (see for instance [Pst23]). In particular, much has been
gained out of the study of motivic homotopy theory over the affine schemes S “ SpecpF q

for F a field [IWX23; BBX25]. Many of these advancements have come from a large-scale
computation perspective by computing with the motivic HFp-Adams spectral sequence,
particularly at the prime p “ 2.

The classical vn-periodic layers of the stable homotopy category lift via the algebraic cobor-
dism spectrum MGL, a motivic analogue of the complex cobordism spectrum MU [LM07].
This enables one to study vn-periodicity in the context of motivic homotopy theory. For
n “ 1, there has been some work in this direction. In [CQ21], Culver–Quigley use an ana-
logue of the bo-Adams spectral sequence to compute the C-motivic v1-periodic stable stems.
In [BIK24] (resp. [KQ24]), Belmont–Isaksen–Kong (resp. Kong–Quigley) use different tech-
niques to compute data related to the R-motivic (resp. Fq and Qp-motivic) v1-periodic stable
stems. In [Mor25a; Mor25b], the first author computes the homotopy ring of cooperations
for a motivic analogue of bo over R and Fq where charpFqq ‰ 2. All of these computations
are performed at the prime 2, and none of these results produce spectrum-level splittings.
A principal obstruction to producing spectrum-level splittings is that, at the present, there
is no construction of motivic Brown–Gitler spectra.

Related to the algebraic cobordism spectrum are the truncated motivic Brown-Peterson
spectra BPGLxny, which are motivic analogues of the classical spectra BP xny. In this
paper, we initiate the study of the BPGLxny-motivic Adams spectral sequence. We begin
by computing the homotopy ring of cooperations in the cases where n “ 0 and n “ 1 at all
primes and over a variety of base fields. In fact, we are able to give spectrum-level splittings
of the cooperations algebra.

1.2. Main results. The main result of this paper is a lift of the splitting of Equation (1.1)
to motivic spectra.

Theorem 1.1 (Theorem 5.25). Let F P tC,R,Fqu and let p be any prime, where charpFqq ‰

p. There is a splitting of p-complete motivic spectra

BPGLx1y ^BPGLx1y »
ł

kě0

Σ2kpp´1q,kpp´1qBPGLx1yxνppk!qy _ V
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where BPGLx1yxνppk!qy is the νppk!qth-Adams cover in a minimal HFp-resolution of BPGLx1y,
and V is a wedge of suspensions of HFp.

A similar splitting has been shown in the C2-equivariant category at the prime p “ 2 for
kuR ^ kuR by the second and third authors in [LPT25a, Corollary 6.15]. They use their
results to prove the F “ R and p “ 2 case of our theorem [LPT25b, Corollary 6.18].

Our proof requires the development of several new techniques in motivic homtopy theory. In
particular, we introduce the relative Adams spectral sequence in motivic homotopy theory,
give a Whitehead theorem for motivic Margolis homology, and compute the Ep1q_

p -comodule
structure of motivic integral Brown–Gitler comodules.

We deduce these splittings in the absence of motivic Brown–Gitler spectra, for which no
construction is currently known. Note that at the prime 2, BPGLx1y is the effective (2-local)
algebraic K-theory spectrum kgl, and at odd primes BPGLx1y is the connective (p-local)
Adams summand mℓ [NSØ15].

In addition to this spectrum-level splitting, we compute the homotopy ring of cooperations.

Theorem 1.2 (Theorem 5.10). Let F P tC,R,Fqu and let p be any prime, where charpFqq ‰

p. Then there is an isomorphism:

πF˚,˚pBPGLx1y ^BPGLx1yq

–
à

kě0

´

pπF˚,˚BPGLx0yqtx0, . . . , xνppk!q´1u ‘ pπF˚,˚BPGLx1yqtxνppk!qu ‘Wk

¯

,

with relations v1xi´1 “ 2xi, where |xi| “ p2ipp´1q, ipp´1qq and Wk is a sum of suspensions
of πF˚,˚HFp.

Another immediate corollary of our spectrum-level splitting is a description of the operations
algebra BPGLx1y˚BPGLx1y, given in Theorem 5.29.

Just as at the spectrum level, a similar computation has been shown in the C2-equivariant
category at the prime p “ 2 for πC2

˚,˚pkuR^kuRq by the second and third authors in [LPT25a].
They use their results to prove the F “ R and p “ 2 case of our theorem [LPT25a, Corollary
6.17].

Using our results, we are able to completely identify the E1-page of the BPGLx1y-based
motivic Adams spectral sequence.

Theorem 1.3 (Corollary 5.33). Let F P tC,R,Fqu and let p be any prime where charpFqq ‰

p. Then the n-line of the BPGLx1y-motivic Adams spectral sequence can be described as

E˚,n,˚
1 –

à

IPIn

´

pπF˚,˚BPGLx0qytx0, . . . , xm´1u ‘ pπF˚,˚BPGLx1yqtxmu ‘WI

¯

,

where In “ tI “ pk1, . . . , knq : kj ě 1 for all 1 ď j ď nu, m “ νppk1!q ` ¨ ¨ ¨ νppkn!q for
pk1, . . . , knq “ I P In, and WI is a sum of suspensions of πF˚,˚HFp.

This describes the n-line of the spectral sequence as a module over the 0-line.

We also record an analogous spectrum level splitting in the BPGLx0y case.
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Theorem 1.4 (Theorem 4.7). Let F P tC,R,Fqu and let p be any prime, where charpFqq ‰

p. There is a splitting of p-complete motivic spectra

BPGLx0y ^BPGLx0y » BPGLx0y _ V

where V is a wedge of suspensions of HFp.

As in the BPGLx1y-case, we also compute the homotopy ring of cooperations (Theorem 4.6).
We remark that a model for BPGLx0y is the (p-local) integral motivic cohomology spectrum
HZ, and so our results may be interpreted as a motivic lift of Kochman’s results [Koc82].

Finally, we show that the mod-p homology of all truncated Brown–Peterson spectra splits
as an Epnq_

p -comodule into a wedge of sums of Brown–Gitler comodules

Theorem 1.5. For all n ě 0, There is an Epnq_
p -comodule isomorphism

H˚,˚BPGLxny –
à

kě0

Σ2kpp´1q,kpp´1qBn´1pkq.

Our results in motivic homology allow for one to access heigher height invariants. In par-
ticular, combined with the Künneth isomorphism for the mod-p homology of truncated
motivic Brown–Peterson spectra Proposition 3.3 and a change-of-rings isomorphism, this
allows one to decompose the E2-page of the motivic Adams spectral sequence computing
πF˚,˚pBPGLxny ^BPGLxnyq for any n ě 0.

1.3. New directions.

1.3.1. BPGLx1y-based motivic Adams spectral sequence. This paper begins the study of the
BPGLx1y-based Adams spectral sequence. We expect this spectral sequence to be useful
for a myriad of purposes, some of which we outline below.

First, our thorough description of the E1-page of the BPGLx1y-based motivic Adams spec-
tral sequence gives us much control on its v1-periodic and v1-torsion summands. Using
techniques similar to those used in [Bea+20] will allow for large scale computations of the
motivic stable stems. The C and R-motivic stable stems have been well studied at the
prime 2 (see [IWX23; BI22]), but not as much work has been done at odd primes over any
field. We expect this spectral sequence will make new contributions to odd primary motivic
stable stem computations and extend Østvær–Wilson’s computations of πFq

˚,˚S over finite
fields [WØ17] at the prime 2.

Second, as is true in the classical case [Gon00], we expect that the BPGLx1y-based motivic
Adams spectral sequence has a vanishing line which allows one to identify v1-periodic ele-
ments in πF˚,˚S. At the prime 2, one may compare these elements with those detected by
the kq-resolution. At odd primes, less is known about v1-periodicity in motivic homotopy
theory. Similar to the work of Bachmann–Hopkins at the prime 2 [BH21], one can show that
there are motivic Adams operations ψn on BPGLx1y for all n P Zˆ

p . Let q be a topological
generator for Zˆ

p . Motivated by [BR22], define the odd primary image of J spectrum j by
the fiber sequence

j Ñ BPGLx1y
ψq

´1
ÝÝÝÑ Σ2pp´1q,p´1BPGLx1y.
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The motivic homotopy groups of j are closely related to the v1-periodicicity in πF˚,˚S. We
expect that πF˚,˚j appears in the 0- and 1-line of the E8-page of the BPGLx1y-based Adams
spectral sequence.

Finally, the BPGLx1y-based motivic Adams spectral sequence will be a useful tool in an
analysis of motivic analogues of the height 1 telescope conjecture at odd primes. Though
the classical telescope conjecture is false at all primes and all heights n ě 2 [Bur+23], at
the height 1 it is true[Mah81; Mil81]. In motivic homotopy, one can show that there is a
v1-self map on the motivic Moore spectrum S{p of the form

v1 : Σ2pp´1q,p´1S{p Ñ S{p.

One may then invert v1 in two different ways, either prior to or after taking homotopy
groups, and it is thus natural to compare πF˚,˚pv´1

1 S{pq and v´1
1 πF˚,˚pS{pq. Using an odd-

primary analogue of the localization sequence of [BOQ23] and the BPGLx1y-based motivic
Adams spectral sequence for S{p, we believe that one may be able to explicitly compare
these two homotopy groups and determine the validity of this height one motivic analogue
of the telescope.

1.3.2. Generalization to other base schemes. The methods developed in this paper may be
applied to compute the homotopy ring of cooperations πF˚,˚pBPGLx1y^BPGLx1yq and pro-
duce a splitting of the cooperations algebra BPGLx1y ^ BPGLx1y over any base field, so
long as one has a computation of Exts,f,wEp1q_

p
pMF

p ,MF
p q. A natural place to extend these com-

putations, then, is over the p-adic rationals Qp and the rationals Q, as the aforementioned
Ext computations were performed by Ormsby [Orm11] and Ormsby–Østvær [OØ13].

In an orthogonal direction, there is an interesting technique that allows one to compute mo-
tivic homotopy groups without any knowledge of homological algebra over the dual Steenrod
algebra, i.e. circumventing the Adams spectral sequence. For any prime ℓ ‰ p such that
ℓ ı 1 pp2q, and any motivic ring spectrum E P SHpZr1{psq, work of Bachmann–Østvær
[BØ22] produces a pullback of (ordinary, p-complete) spectra

EpZr1{psq EpRq

EpFℓq EpCq

{

where EpF q “ mapF pS, Eq is the ordinary spectrum of maps from the F -motivic sphere to
the pullback of E along the canonical map Zr1{ps Ñ F . Our results allow for one to use
this square to deduce the E1-page of the Zr1{ps-motivic BPGLx1y-based Adams spectral
sequence. This enables one to study v1-periodicity over a more arithmetic class of base
schemes. This is particularly enticing as there are currently no computations in homological
algebra over the Zr1{ps-motivic Steenrod algebra. It would also be interesting to use a
variant of this square to generalize the spectrum-level splittings we produce.

We also anticipate that there is a technique to compute the homotopy ring of cooperations
πF˚,˚pBPGLx1y ^BPGLx1yq over a broad class of base fields of small cohomological dimen-
sion using slice theoretic techniques. These techniques would eschew the Adams spectral
sequence from our analysis, and would instead use the effective slice spectral sequence in a
manner similar to Ormsby-Østvær [OØ14].
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1.3.3. Higher heights. One of the implicit takeaways of our results is that the E1-page of the
BPGLx1y-based motivic Adams spectral sequence is only slightly more complicated than
its classical analogue, with complications determined by the motivic cohomology of the base
field with integral coefficients. We expect this thread of ideas to extend to higher chromatic
heights. In particular, moving up to height 2, we expect that much of the prior work on the
BP x2y-based Adams spectral sequence (for example, see [Cul19; Cul20]) generalizes quite
nicely to the BPGLx2y-based motivic Adams spectral sequence. This spectral sequence
would offer a glimpse into v2-periodicity in the motivic stable stems. For F “ R and
p “ 2, we expect that these computations would also inform one about v2-periodicity in the
C2-equivariant stable stems.

1.3.4. Exotic Periodicity. As another implication of our work, we see that generalized mo-
tivic Adams spectral sequences are highly computable tools which allow one to access vn-
periodicity. We describe now a related approach that captures richer structure in πC

˚,˚S.

An interesting feature of motivic homotopy theory is the failure of Nishida’s nilpotence
theorem. Classically, Nishida’s theorem informs us that any positive degree element of π˚S
is nilpotent. Motivically, we see that this fails drastically. For instance, the Hopf map
η P π1,1S is non-nilpotent [Mor04], leading to interesting η “: w0-periodicity in the motivic
stable stems. Now, let F “ C and p “ 2. It was shown by Andrews [And18] that there is a
self map of the cofiber of η of the form

w4
1 : Σ20,12S{η Ñ S{η.

Parallel to how the v41-self map of S{2 allows one to study v1-periodicity, this w1-self map
allows one to study w1-periodic phenomena in πC

˚,˚S.

C-motivic homotopy theory also benefits from an interpretation via BP -synthetic spectra
[Pst23]. There is an element τ P πC

0,´1S which acts as a deformation parameter between
classical homotopy theory, cellular C-motivic homotopy theory, and the category of derived
even BP˚BP -comodules. This can be summarized by the following diagram.

Sp SHpCqcell DevenpBP˚BP q.¨τ´1 ´^S{τ

This recasts the category of S{τ -modules as an algebraic category related to classical ho-
motopy theory, as we may interpret any BP˚BP -comodule as a C-motivic spectrum over
S{τ . This is motivated by the close relationship with the classical Adams–Novikov spectral
sequence shown by Isaksen [Isa19], in that there is an isomorphism

πC
s,wS{τ – Ext2w´s,2w

BP˚BP
pBP˚, BP˚q.

In [Ghe18], Gheorghe used this approach to construct S{τ -modules denoted wBP xny whose
homotopy groups are

πC
˚,˚wBP xny “ F2rw0, w1, . . . , wns.

We may treat these spectra in a similar way to how we use the spectra BPGLxny. There
is a S{τ -linear wBP xny-based motivic Adams spectral sequence, completely internal to the
category of S{τ -modules, which takes the form

Es,f,w1 “ πC
s`f,wpwBP xny ^S{τ wBP xny^S{τf q ùñ πC

s,wS{τ.

The analysis of this spectral sequence gives another way to compute the E2-page of the
classical Adams–Novikov spectral sequence. In particular, just as the BPGLxny-motivic
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Adams spectral sequence detects v1-periodicity in the stable stems, we expect the 0- and
1-lines of the wBP xny-based S{τ -linear motivic Adams spectral sequence to detect wn-
periodicity in the cofiber of τ , and hence in the Adams–Novikov. By pulling back along
the quotient map S Ñ S{τ , one can then lift these periodic classes to the C-motivic stable
stems. Moreover, we expect this spectral sequence to be simpler to compute with than the
BPGLxny-based motivic Adams spectral sequence, as is evident from the simpler form that
the homotopy groups of wBP xny take.

In the case of n “ 1, the w1-periodicity detected by the S{τ -linear wBP x1y-based motivic
Adams spectral sequence can be compared with the w1-periodic families studied by Isaksen–
Kong–Li–Ruan–Zhu [Isa+25]. For n ě 2, this technique offers a first glimpse into higher
exotic periodicity.

1.4. Organization. In Section 2, we recall salient facts in motivic homotopy theory. We
review the motivic spectra BPGLxny, discuss the dual Steenrod algebra, relative homology,
and various Adams spectral sequences which feature in our arguments. In Section 3, we
make several homological computations. First, we compute the BPGLx0y- and BPGLx1y-
relative dual Steenrod algebras and deduce a Künneth isomorphism for the homology of
truncated motivic Brown–Peterson spectra. Then, we interpret the Epnq_

p -comodule struc-
ture of H˚,˚BPGLxny in terms of Brown–Gitler comodules, prove a Whitehead theorem for
Margolis homology over Ep1qp, and introduce motivic lightning flash modules. In Section 4,
we compute the homotopy ring of cooperations π˚,˚pBPGLx0y ^BPGLx0yq and construct
a spectrum-level splitting of the cooperations algebra. In Section 5, we compute the ho-
motopy ring of cooperations π˚,˚pBPGLx1y ^ BPGLx1yq and construct a spectrum-level
splitting of the cooperations algebra in terms of motivic Adams covers for BPGLx1y. Then,
we apply our results to compute the E1-page of the BPGLx1y-based motivic Adams spectral
sequence.

1.5. Notation.

(1) Let H be the spectrum representing motivic cohomology with Fp coefficients.
(2) Let MF

p :“ πF˚,˚H. When clear from context, we will omit the superscript F .
(3) Let A_

p denote the motivic dual Steenrod algebra, and let Epnq_
p its associated

subalgebras. Generally, the field F will be clear from context.
(4) Let A_

p denote the topological dual Steenrod algebra, and let Epnq_
p denote its

associated subalgebras.
(5) All Ext groups are graded via stem, Adams filtration, and motivic weight, denoted

ps, f, wq.
(6) For B any Mp-algebra, the Ext group Exts,f,wB pMq is shorthand for

Exts,f,wB pMp,Mq.
(7) All charts are written in ps, fq grading with motivic weight suppressed.
(8) Motivic lightning flash modules (Definition 3.15) are denoted Lppkq. Classical topo-

logical lightning flash modules are denoted Lclp pkq.
(9) Let .

“ denote equivalence up to a unit in Mp.
(10) Let mASSFp pXq denote the F -motivic HFp-based motivic Adams spectral sequence

for a spectrum X. When a statement is made agnostic of base field, we will omit
the superscript F .



SPLITTINGS OF TRUNCATED MOTIVIC BROWN–PETERSON COOPERATIONS ALGEBRAS 9

Acknowledgments. The authors would like to thank Mark Behrens, Christian Carrick,
Bert Guillou, Mike Hill, Guchuan Li, Kyle Ormsby, John Palmieri, J.D. Quigley, John
Rognes, and Vesna Stojanoska for enlightening conversations. The first author would like to
thank Lorelei for inspiration [Lor24]. The second and third authors would like to thank the
Isaac Newton Institute for Mathematical Sciences, Cambridge, for support and hospitality
during the programme Equivariant homotopy theory in context, where work on this paper
was undertaken. This work was supported by EPSRC grant EP/Z000580/1.

2. Motivic preliminaries

In this section, we review stable motivic homotopy theory. We introduce the motivic spectra
which feature in our work and discuss the complexities that arise in their homotopy groups
as one varies the base field. This leads to different structure in the motivic homology of a
point and the dual Steenrod algebra depending on choice of base field. Following this, we
discuss the BPGLx1y-based and HFp-based motivic Adams spectral sequences. To close
this section, we introduce relative homology and the relative Adams spectral sequence in
the motivic setting.

2.1. Motivic spectra and the dual Steenrod algebra. For S a scheme, we let SHpSq

be Voevosdsky’s motivic stable homotopy category [Voe98b, Def. 5.7] [Jar00]. Recall that
this is triangulated, and has a compatible closed symmetric monoidal structure given by the
motivic sphere spectrum S “ Σ8S`, the smash product pairing ´^´, the twist isomorphism
γ and the function spectrum F p´,´q. As we will be primarily be working over affine schemes
of the form S “ SpecpF q, we will instead use the notation SHpF q :“ SHpSpecpF qq. We
will refer to F as the base field.

Let Sp,q “ pS1q^p´q^pA1´0q^q, where S1 denotes the constant simplicial circle and pA1´0q

is the image of the smooth F -scheme under the Yoneda embedding. For x P πp,qpXq, where
X is a motivic spectrum, we refer to p as the topological or stem degree and q as the weight
of x.

LetH “ HFp be the motivic Eilenberg–MacLane spectrum representing motivic cohomology
with coefficients in Fp. It is a commutative ring spectrum, with unit map η : S Ñ H and
product µ : H ^H Ñ H.

Let Mp :“ π˚,˚pHq “ H´˚,´˚ denote the mod-p motivic homology and cohomology groups
of the base field F . When working over a particular ring F , we will denote this by MF

p .
Note that the cup product induced by µ gives Mp the structure of a bigraded commutative
Fp-algebra. The calculation of MF

p for F a field is due to Voevosdky and is deeply related
to Milnor-Witt K-theory [Voe03a]. We give a few examples below, citing references for our
particular choice of notation.

Example 2.1. For F “ C, we have MC
p “ Fprτ s, where |τ | “ p0,´1q for all primes [Voe03b].

Example 2.2. For F “ R, we have MR
2 “ F2rρ, τ s for |ρ| “ p´1,´1q and |τ | “ p0,´1q

[Voe03a], while for odd primes we have MR
p “ Fprθs, where |θ| “ p0,´2q [GR23].
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Example 2.3. For F “ Fq a finite field, the structure of MFq
p is more complicated. For

charpFqq ‰ 2, let τ P µ2pFqq be a second root of unity. Then, we have

MFq

2 “

"

F2ru, τ s{pu2q q ” 1 p4q

F2rρ, τ s{pρ2q q ” 3 p4q,

where |τ | “ p0,´1q and |u| “ |ρ| “ p´1,´1q. Here ρ “ r´1s P H1,1pFq;Z{2q – Fˆ
q {Fˆ2

q .
Note that if q ” 1 p4q, then ρ “ 0.

For charpFqq ‰ p, let i be the smallest integer such that p | qi ´ 1, and let ζ P µppFqiq be a
primitve pth root of unity. Then, we have

MFq
p “

"

Fpru, ζs{pu2q qi ” 1 pp2q

Fprγ, ζs{pγ2q qi ı 1 pp2q,

where |ζ| “ p0,´iq and |u| “ |γ| “ p´1,´iq. Here γ P H1,ipFq;Z{pq – Fˆ

qi{F
ˆp
qi denotes the

image of a primitive pth of unity. Note that if qi ” 1 pp2q, then γ “ 0 [Wil16]. Although
there are abstract isomorphisms between MFq

p for qi ” 1 pp2q and qi ı 1 pp2q, we use dif-
ferent notation to distinguish their behavior over the dual Steenrod algebra, which we will
investigate below.

Let Ap “ H˚,˚H “ π´˚,´˚F pH,Hq denote the motivic Steenrod algebra and let A_
p “

π˚,˚pH ^ Hq denote its dual. The dual Steenrod algebra A_
p has the structure of a Hopf

algebroid over MF
p [Voe03b] and takes the following form for any base field F :

A_
p “ MF

p rτ0, τ1, . . . , ξ1, ξ2, . . . s{I,

where |τ i| “ p2pi´1, pi´1q and |ξi| “ p2pi´2, pi´1q. The ideal I of relations is dependent
on the base field F . In the cases we are concerned with,

(2.1) I “

$

&

%

pτ2i q F “ C,R,Fq charpFqq ‰ p p ą 2;

pτ2i “ τξi`1q F “ C,Fq q ” 1 p4q p “ 2;

pτ2i “ τξi`1 ` ρτ i`1 ` ρτ0ξi`1q F “ R,Fq q ” 3 p4q p “ 2.

The coproduct ψ : A_
p Ñ A_

p bMp
A_
p is given by

ψpτkq “ 1 b τk `
ÿ

i`j“k

τ i b ξ
pi

j , ψpξkq “
ÿ

i`j“k

ξi b ξ
pi

j .

Note that in the odd primary case, A_
p is equivalent to the base change of the classical odd

primary dual Steenrod algebra to MF
p . We remark that in the case that F “ R or F “ Fq for

q ” 3 p4q when p “ 2, and for F “ Fq for q ı 1 pp2q when p ą 2, the ring MF
2 is not central

in the dual Steenrod algebra A_
p . Indeed, there is a nontrivial action of the Bockstein on

motivic cohomology in these cases, which translates to the following formulae in the dual
Steenrod algebra:

ηRpτq “ τ ` ρτ0, ηRpζq “ ζ ` γτ0,

where ηR : MF
p Ñ A_

p is the Hopf algebroid right unit map [HKØ17; Voe03a]. This simple
observation makes computation over the dual Steenrod algebra much more difficult in these
cases. In all cases, the left unit ηL : MF

p Ñ A_
p is the usual inclusion.

For n ě 0 the quotients Epnq_
p of the dual Steenrod algebra take the form

Epnq_
p “ MF

p rτ0, ¨ ¨ ¨ , τns{J,



SPLITTINGS OF TRUNCATED MOTIVIC BROWN–PETERSON COOPERATIONS ALGEBRAS 11

where

(2.2) J “

$

&

%

pτ2i q F “ C,R,Fq charpFqq ‰ p p ą 2;
pτ2i q F “ C,Fq q ” 1 p4q p “ 2;
pτ2i “ ρτ i`1, τ

2
n : 0 ď 1 ď n´ 1q F “ R,Fq q ” 3 p4q p “ 2.

In particular, Epnq_
p is the dual of the exterior subalgebra Epnqp of the Steenrod algebra

generated by the Milnor primitives Q0, . . . , Qn.

Let BPGL denote the motivic Brown–Peterson spectrum [HK01; Hoy15]. One may obtain
this spectrum by taking the algebraic cobordism spectrum MGL, localizing at a prime p,
and looking at the image of the motivic Quillen idempotent. In particular, this spectrum
depends on a choice of prime. For n ě 0, there exist canonical elements vn P π˚,˚BPGL of
degree p2ppn ´ 1q, pn ´ 1q, where we set v0 :“ p. We define the motivic truncated Brown–
Peterson spectrum BPGLxny as the quotient by the regular sequence pvn`1, vn`2, . . . q:

BPGLxny :“ BPGL{pvn`1, vn`2, . . . q.

By construction, we are supplied with cofiber sequences

(2.3) Σ2ppn´1q,pn´1BPGLxny
vn

ÝÑ BPGLxny Ñ BPGLxn´ 1y.

2.2. Motivic Adams spectral sequence. Let E P SHpF q be a motivic ring spectrum.
There is a canonical Adams tower associated to the unit map S Ñ E taking the form

S Σ´1,0E Σ´2,0E ^ E ¨ ¨ ¨

E Σ´1,0E ^ E Σ´2,0E ^ E ^ E

where E denotes the cofiber of the unit map. For any motivic spectrum X, we can apply the
functor πF˚,˚pX ^ ´q to this tower. This yields the E-based motivic Adams spectral sequence
for X. By construction, the E1-page of this spectral sequence has signature

E1 “ πFs`f,wpE ^ E
^f

^Xq ùñ πFs,wXE , dr : E
s,f,w
r Ñ Es´1,f`r,w

r

where XE denotes the E-nilpotent completion of X [Bou79]. In general, convergence is not
immediate, but we will only be interested in particular cases that are well-understood.

For E “ BPGLxny, there is a BPGLxny-based motivic Adams sequence. When X “ S this
takes the form

E1 “ πFs`f,wpBPGLxny ^BPGLxny
^f

q ùñ πFs,wSppq.

This BPGLxny-based spectral sequence is the primary motivation for our work. In order to
compute the E1-page, we will investigate both the homotopy and spectrum-level behavior
of the cooperations algebra BPGLxny ^BPGLxny for n “ 0, 1.

For E “ H, the resulting motivic Adams spectral sequence will be referred to as the
mASSFp pXq. In this case, since A_

p “ πF˚,˚pH ^ Hq is flat as a module over MF
p , we

are able to pass directly to the E2-page. The mASSFp pXq takes the form

E2 “ Exts,f,wA_
p

pMF
p , H˚,˚pXqq ùñ πFs,wX.
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Convergence for this motivic Adams spectral sequence was first studied by [HKO11; DI10].
For X “ BPGLxny ^BPGLxny, this spectral sequence takes the form

E2 “ Exts,f,wA_
p

pMF
p , H˚,˚pBPGLxny ^BPGLxnyqq ùñ πFs,wpBPGLxny ^BPGLxnyq.

It is through this spectral sequence that we will compute the homotopy ring of cooperations
for BPGLx0y and BPGLx1y. We will often omit the first argument of an Ext group if it is
given by MF

p .

Remark 2.4. One of the reasons we are interested in the BPGLx1y-based motivic Adams
spectral sequence is that it allows one to access v1-periodicity. At the prime p “ 2, another
way to access v1-periodicity is by way of the kq-based motivic Adams spectral sequence,
where kq denotes the very effective Hermitian K-theory spectrum. This spectral sequence
was studied over C by Culver–Quigley [CQ21], and the homotopy ring of cooperations were
computed over R and Fq by the second author [Mor25a; Mor25b]. It will be interesting to
compare these two approaches to detecting motivic v1-peiodicity.

2.3. Relative homology. We will also make use of motivic relative homology and relative
Adams spectral sequences in our computations. Analogously to the classical non-motivic
setting, if E is an R-algebra and M is an R-module in spectra, then R-relative E-homology
is E-homology in the category of R-modules:

ER˚,˚pMq :“ πF˚,˚pE ^
R
Mq.

Note that
ER˚,˚pR ^Mq – πF˚,˚pE ^

R
R^Mq – E˚,˚M.

In [BL01, Prop 2.1], Baker–Lazarev introduce a relative Adams spectral sequence in the
category of R-modules. The motivic version exists by the same construction.

Proposition 2.5. Let R be a motivic ring spectrum, E be an R-algebra, and X, Y be R-
modules such that ER˚,˚E is flat over E˚,˚. If ER˚,˚X is projective as an E˚,˚-module, then
there exists an E-based motivic Adams spectral sequence in the category of R-modules

Es,f,w2 – Exts,f,w
ER

˚,˚E
pER˚,˚X, E

R
˚,˚Y q ùñ rX,Y sR

Ê,ps,wq

where rX,Y sR
Ê

denotes the E-nilpotent completion of R-module maps from X to Y , s denotes
the stem, f denotes the homological degree, and w denotes the weight.

We will use the BPGLx0y- and BPGLx1y-relative Adams spectral sequences to produce our
spectrum-level splittings of the respective cooperations algebras.

3. Motivic homology results

In this section, we make multiple computations in motivic homology. First, we compute
the BPGLx0y- and BPGLx1y-dual Steenrod algebras. Then, we recall the homology of
BPGLxny and prove a Künneth isomorphism. Following this, we establish a criterion for
checking freeness for comodules over Epnq_

p and a Whitehead Theorem for Margolis homol-
ogy over Ep1q_

p . We next introduce Brown–Gitler comodules and show that they assemble
to give an Epnq_

p -comodule splitting of H˚,˚BPGLxny. Finally, we introduce homological
lightning flash modules. These modules simplify our computations in the BPGLx1y-even
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further than the aforementioned Brown–Gitler comodule splitting. All results are indepen-
dent of base field unless otherwise stated.

3.1. Relative dual Steenrod algebra. We will make use of the following relative homol-
ogy computation.

Proposition 3.1. The BPGLx0y-relative dual Steenrod algebra is

H
BPGLx0y
˚,˚ H – Ep0q_

p

and the BPGLx1y-dual Steenrod algebra is

H
BPGLx1y
˚,˚ H – Ep1q_

p

Proof. We give an argument for the second statement and leave the first to the reader.
Consider the cofiber sequence

Σ2p´2,p´1BPGLx1y
v1

ÝÑ BPGLx1y ÝÑ BPGLx0y.

Smashing H ^
BPGLx1y

´ with the cofiber sequence yields a splitting

H ^
BPGLx1y

BPGLx0y » H ^ pS0,0 _ S2p´1,p´1q

which suffices to determine the additive structure of HBPGLx1y
˚,˚ BPGLx0y. Now consider the

cofiber sequence

BPGLx0y
p

ÝÑ BPGLx0y ÝÑ H.

Smashing H ^
BPGLx1y

´ with this cofiber sequence yields a splitting

H ^
BPGLx0y

H » H ^ pS0,0 _ S1,0 _ S2p´1,p´1 _ S2p,p´1q.

The multiplicative structure follows from the algebra map

H ^H Ñ H ^
BPGLx1y

H.

□

3.2. The homology of BPGLxny. We record the following results on the mod p-homology
of truncated motivic Brown–Peterson spectra.

Proposition 3.2. [Hoy15, Theorem 6.19] The map H˚,˚BPGLxny Ñ H˚,˚H is injective
with image the A_

p -subalgebra

H˚,˚BPGLxny – MF
p rξ̄1, ξ̄2, ξ̄3, ¨ ¨ ¨ , τ̄n`1, τ̄n`2, τ̄n`3, ¨ ¨ ¨ s{I,

where I is the ideal defined in Equation (2.1). In particular, for any prime p, we have an
A_
p -comodule isomorphism

H˚,˚BPGLxny – A_
p l
Epnq_

p

Mp.
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The left Epnq_
p -coaction on A_

p l
Epnq_

p

Mp is given by

(3.1) α : A_
p l
Epnq_

p

Mp
ψb1

ÝÝÝÑ A_
p b

˜

A_
p l
Epnq_

p

Mp

¸

πb1
ÝÝÝÑ Epnq_

p b

˜

A_
p l
Epnq_

p

Mp

¸

which on generators ξ̄k and τ̄k is

αpξ̄kq “ 1 b ξ̄k

αpτ̄n`kq “ 1 b τ̄n`k `

n
ÿ

i“0

τ̄i b ξ̄2
i

n`k´i.

Let M be a left Epnq_
p -comodule. Then there is an induced right Epnq-module action

λ :M b Epnqp Ñ M

defined by
λpx, θq “ pθ b IdM q ˝ αpxq,

where αpxq “
ř

i θi b xi (see [Boa82, §6]).

Since τ̄i is the dual of Qi, the right Ep1q-module action on H˚,˚BPGLx1y is

ξ̄jQi “ 0

τ̄kQ0 “ ξ̄k

τ̄kQ1 “ ξ̄2k´1.

Proposition 3.3. For any prime p and any n,m ě 0, there is an isomorphism of A_
p -

comodule algebras:

H˚,˚pBPGLxmy ^BPGLxnyq – H˚,˚pBPGLxmyq bH˚,˚pBPGLxnyq.

Proof. By Proposition 3.2, H˚,˚BPGLxny is free over Mp. Thus the Künneth spectral
sequence

E2 “ TorMppH˚,˚BPGLxmy, H˚,˚BPGLxnyq ùñ H˚,˚pBPGLxmy ^BPGLxnyq

collapses at the E2-page, giving the result. □

Since Epnq_
p is free over Mp, we obtain the following proposition through standard algebra

(see for example [BW03, Theorem 4.7]).

Proposition 3.4. There is an equivalence of categories between left Epnq_
p -comodules and

right Epnqp-modules.

This equivalence of categories allows us to prove facts about Epnq_
p -comodules by instead

working with Epnqp-modules.

Proposition 3.5. If M is a free Epnq_
p -comodule, then M is an injective Epnq_

p -comodule

Proof. By the equivalence of categories of Proposition 3.4, we may instead show that any
free Epnqp-module is injective. Since any free Epnqp-module is a sum of shifts of Epnqp, it
suffices to show that Epnqp is self-injective. This follows from modifying May’s proof of self-
injectivity for MC2

2 given in the C2-equivariant setting [May20]. In particular, the graded
ideals of Epnqp are just the graded ideals of Mp with the addition of various Qi. □
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3.3. Margolis homology and free Epnq-modules. Classically, Margolis homology is an
invariant of modules over a subalgebra of the Steenrod algebra. One particularly useful
consequence of this invariant is that a module over the Steenrod algebra is free if and only
if it has trivial Margolis homology with respect to a particular family of elements [Mar83,
Theorem 19.6].

In the motivic setting, Margolis homology is slightly more complicated and subtle (see, for
example, [GIR18, Example 4.6 and Proposition 4.7]). Nonetheless, with the imposition of
additional freeness criteria, motivic analogues of Margolis homology have proven useful (see,
for instance, [HK18, Section 5] and [BGL22, Section 2]).

The goal of this subsection is to give a Whitehead Theorem for Margolis homology, that is,
a criterion for when an Ep1qp-module map is a stable equivalence, in the setting of motivic
homotopy. To this end, we establish some motivic freeness criteria extending those of [HK18,
Section 5] and [BGL22, Section 2] in the C and R-motivic settings, respectively. Let

x “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

1 F “ C
1 F “ R and p ‰ 2

ρ F “ R and p “ 2

ρ F “ Fq with charpFqq ‰ 2 and q ” 3 p4q

u F “ Fq with charpFqq ‰ 2 and q ” 1 p4q

u F “ Fq with charpFpq ‰ p and qi ” 1 pp2q

γ F “ Fq with charpFqq ‰ p and qi ‰ 1 pp2q

.

Our first aim will be to prove the following proposition.

Proposition 3.6. A finitely generated Epnqp-module M is free if and only if

(1) M is free as an Fprxs-module, where x P MF
p as defined above;

(2) Fp bMF
p
M is free as an Epnqp-module.

To prove Proposition 3.6, we will make use of the following lemma.

Lemma 3.7. Let x P MF
p as defined in Proposition 3.6. A finitely generated Epnqp-module

M is free if and only if

(1) M is a free Fprxs-module and
(2) M{pxq is a free Epnqp{pxq-module.

Proof. When x “ 1, the statement is trivial. When F “ R and p “ 2, the statement is
exactly that of [BGL22, Lemma 2.1]. The remaining cases where F “ Fq can be proved
using the same argument as the proof of [BGL22, Lemma 2.1], and in fact the induction
there is made simpler since x2 “ 0. □
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We also make a further reduction. Let

y “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

τ F “ C
τ F “ R and p “ 2

θ F “ R and p ‰ 2

τ F “ Fq with charpFqq “ p

ζ F “ Fq with charpFqq ‰ p

.

Lemma 3.8. A finitely generated Epnqp{pxq-module M is free if and only if M{pyq is a free
pEpnqp{pxqq{pyq-module.

Proof. The proof follows from the argument given in [HK18, Lemma 5.2] along with the
observation that the category of connective graded comodules over a connective, graded,
flat, finite-type Hopf algebroid has enough projectives [Sal23]. □

Proof of Proposition 3.6. If a finitely generated Epnqp-module M is free, the two conditions
are immediately satisfied. Thus we consider M where the two conditions are satisfied and
showM is a free Epnqp-module. First, note that condition (2) of Proposition 3.6 is equivalent
to saying that pM{pxqq{pyq is free over pEpnqp{pxqq{pyq. Lemma 3.8 then implies that M{pxq

is a free Epnq{pxq-module. So by Lemma 3.7, M is indeed a free Epnqp-module. □

Recall the following freeness criteria for modules over Epnq.

Proposition 3.9 ([Mar83, Theorem 18.8i]). Let M be a bounded-below Epnq-module. Then
M is free if and only if M˚pM,Qiq “ 0 for all 0 ď i ď n.

Note that a map of Epnqp-modules f : M Ñ N is said to be a stable equivalence if there
exist free Epnqp-modules P,Q such that the map M ‘ P Ñ N ‘ Q induced by f is an
isomorphism [Mar83, p. 205].

Combining Proposition 3.9 with Proposition 3.6 yields a motivic analogue of the Whitehead
Theorem for Margolis homology over the base field F . The proof proceeds in exactly the
same way as its classical analogue (see [Mar83, Theorem 18.8ii] or [GIR18, Corollary 4.10]
for the details when F “ C).

Proposition 3.10 (Whitehead Theorem). Let x P MF
p as defined above, let M and N be

finitely generated Ep1qp-modules that are Fprxs-free, and let f :M Ñ N be an Ep1qp-module
map. Then f is a stable equivalence if and only if pf{pxqq{pyq : pM{pxqq{pyq Ñ pN{pxqq{pyq

induces an isomorphism in Margolis homologies with respect to Q0 and Q1.

3.4. Brown–Gitler subcomodules. Define a weight filtration on the dual Steenrod alge-
bra A_

p by setting
wtpξ̄iq “ wtpτ̄iq “ pi

and extend multiplicatively so

wtpxyq “ wtpxq ` wtpyq.

Definition 3.11. The kth Brown–Gitler comodule, denoted Bnpkq, is the subspace of A{{Epnq_

spanned by monomials of weight less than or equal to pk.
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Remark 3.12. The motivic Brown–Gitler comodules defined in [CQ21; Mor25a], while
denoted in the same fashion as above, are a different family of comodules, as they are
obtained from the Mahowald weight filtration on A{{Apnq_. However, note that there is no
ambiguity in B0pkq as there is an isomorphism A{{Ap0q_ – A{{Ep0q_.

Proposition 3.13. The Brown–Gitler comodule B´1pkq is free and injective over Ep0q_
p .

Proof. We must only show that B´1pkq is free due to Proposition 3.5. Since B´1pkq is
finitely-generated over Ep0q_

p by construction, after base change to Fp, B´1pkq bMp Fp is
equivalent to the homology of the classical Brown–Gitler spectrum. This is free over the
classical Ep0q_

p . By Proposition 3.6, B´1pkq is free over Ep0q_
p , finishing the proof. □

Proposition 3.14. For all n ě 0, there exists an Epnq_
p -comodule isomorphism

H˚,˚BPGLxny –

8
à

k“0

Σ2kpp´1q,kpp´1qBn´1pkq.

Proof. This is the same as the proof in the classical setting. The classical statement is an im-
mediate consequence of [Cul20, Cor 4.10] combined with the first sentence after Proposition
4.6 of [Cul20]. Note that [Cul20] uses the indexing convention

Nipkq “ tx P A{{Epnq˚|wtpxq ď pnu,

as opposed to our indexing convention

Bipkq “ tx P A{{Epnq˚|wtpxq ď nu.

□

3.5. Homological lightning flash modules.

Definition 3.15. The motivic homological lightning flash module is given by

Lppkq “ Ep1qptx1, x2, ¨ ¨ ¨ , xk |xi`1Q1 “ xiQ0, 1 ď i ď k ´ 1u

where |xi| “ p2p´ 2, p´ 1qi` p1, 0q. Further define Lpp0q “ Mp.

These lightning flash modules can be easily visualized as in Figure 3.1, which depicts L3p2q

using the motivic grading convention that the total topological degree is plotted along the
horizontal axis and the weight is plotted along the vertical axis. Here, a point denotes a
copy of M3, straight arrows indicate the (non-trivial) operation of Q0, and curved arrows
indicate the (non-trivial) operation of Q1.

ă

ă
ă

x1

ă

x2

‚

‚‚

‚‚

Figure 3.1. Homological lightning flash module: L3p2q
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Notice that the inclusion of the top Lppk ´ 1q-submodule of Lppkq supplies us with a short
exact sequence of Ep1q_

p -comodules

(3.2) 0 Ñ Σ2pp´1q,p´1Lppk ´ 1q Ñ Lppkq Ñ pEp1qp{{Ep0qpq
_

Ñ 0.

Proposition 3.16. There is an isomorphism of Ep1q_
p -comodules:

B0pkq – Lppνppk!qq ‘Wk,

where Wk is a sum of suspensions of Ep1q_
p .

Proof. We will use Proposition 3.10 to prove this isomorphism. We start by computing the
relevant Margolis homologies. First, by considering figures similar to Figure 3.1 we see that

M˚

`

rpLppνppk!qqq{pxqs{pyq, Q0

˘

– Mpt1u

M˚

`

rpLppνppk!qqq{pxqs{pyq, Q0

˘

– MptQ0xνppk!qu.

Next we must compute the Margolis homology of the Brown–Gitler comodules B0pkq. It is
easier to first compute the Margolis homology for H˚,˚BPGLx1y,

M˚ prpH˚,˚BPGLx1yq { pxqs { pyq , Q0q – Mpt1u

M˚ prpH˚,˚BPGLx1yq{pxqspyq, Q1q – Mptξ̄ϵ11 ξ̄
ϵ2
2 ¨ ¨ ¨ ξ̄ϵnn | 0 ď ϵi ď 1u.

(This computation proceeds similarly to Adams’ argument in the classical setting when
p “ 2 [Ada74, Lemma 16.9].) By Proposition 3.14,

H˚,˚BPGLxny –

8
à

k“0

Σ2kpp´1q,kpp´1qBn´1pkq.

Since H˚,˚BPGLx1y is of finite-type, we can apply this decomposition to the corresponding
Margolis homology and get

M˚

`

rB0pkq{pxqs{pyq, Q0

˘

– Fpt1u

M˚ prB0pkq{pxqs{pyq, Q1q – Fptξ̄i1 ξ̄i2 ¨ ¨ ¨ ξ̄inu,

where i1 ă i2 ă ¨ ¨ ¨ ă in and pi1 ` pi2 ` ¨ ¨ ¨ ` pin is the p-adic expansion of k. Note that
|xνppk!q|s,f “ |ξ̄i1 ξ̄i2 ¨ ¨ ¨ ξ̄in |s,f . So if we construct an Ep1qp-module map

Lppνppk!qq Ñ B0pkq

realizing the isomorphism, then we can apply Proposition 3.10 to conclude the proof. Let
Spkq denote the submodule of B0pkq

Spkq “ Ep1qptξ̄i1 ξ̄i2 ¨ ¨ ¨ ξ̄in τ̄j |j ď i1 ă i2 ă ¨ ¨ ¨ ă inu.

Observe that Spkq is naturally isomorphic to Lppνppk!qq ans so the inclusion Spkq Ñ B0pkq

is exactly the map we are looking for. □

4. Splitting BPGLx0y ^BPGLx0y

In this section, we construct spectrum-level splittings of the cooperations algebraBPGLx0y^

BPGLx0y. We also compute the homotopy ring of cooperations π˚,˚pBPGLx0y^BPGLx0yq.
Note that at any prime p, a model for BPGLx0y is HZppq.
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4.1. Strategy. In this section, all results are stated independent of base field unless other-
wise stated. We will begin by computing the homotopy groups π˚,˚pBPGLx0yq by a motivic
Adams spectral sequence. The mASSppBPGLx0yq takes the form

Exts,f,wA_
p

pH˚,˚pBPGLx0yqq ùñ πs,wpBPGLx0yq.

Recall from Proposition 3.2 that there is an isomorphism of A_
p -comodules:

H˚,˚pBPGLx0yq – A_
p l
Ep0q_

p

Mp.

Using a change-of-rings isomorphism, the E2-page can then be rewritten as

E2 “ Exts,f,wA_
p

pA_
p l
Ep0q_

p

Mpq – Exts,f,wEp0q_
p

pMpq.

After computing these homotopy groups, we will compute the cooperations algebra by an-
other motivic Adams spectral sequence. The mASSppBPGLx0y^BPGLx0yq has signature

Exts,f,wA_
p

pH˚,˚pBPGLx0y ^BPGLx0yqq ùñ πs,wpBPGLx0y ^BPGLx0yq.

Using the Künneth isomorphism of Proposition 3.3, the change-of-rings isomorphism, and
the Ep0q_

p -comodule isomorphism of Proposition 3.14, we can rewrite the E2-page as

E2 “ Exts,f,wA_
p

pH˚,˚pBPGLx0y ^BPGLx0yqq –
à

kě0

Σ2kpp´1q,kpp´1qExts,f,wEp0q_
p

pB´1pkqq.

For k ą 0, we have that B´1pkq is free and injective over Ep0q_
p by Proposition 3.13, giving

an isomorphism
Exts,f,wEp0q_

p
pB´1pkqq “ Wk,

where Wk is a free Mp-module concentrated in Adams filtration 0. Since B´1p0q “ Mp, we
can decompose the E2-page as

(4.1) E2 “ Exts,f,wEp0q_
p

pMpq ‘
à

kě1

Wk,

with
À

kě1Wk a free Mp-module in Adams filtration 0. The following allows us to determine
differentials.

Lemma 4.1. The differentials in the mASSppBPGLx0y ^ BPGLx0yq are determined by
the differentials in the mASSppBPGLx0yq.

Proof. The map BPGLx0y Ñ BPGLx0y ^BPGLx0y induces an inclusion on E2-pages

Exts,f,wEp0q_
p

pMpq Ñ Exts,f,wEp0q_
p

pMpq ‘
à

kě1

Wk.

This determines all of the differentials on the v0-periodic summand Exts,f,wEp0q_
p

pMpq. We
will show that there are no differentials involving the summand

À

kě1Wk, proving the
claim. Since v0 is a permanent cycle in the mASSppBPGLx0yq, all differentials in the
mASSppBPGLx0y^BPGLx0yq are v0-linear. Indeed, if x is any class on the Er-page, then

drpv0xq “ drpv0qx` v0drpxq “ v0drpxq.

This implies that there can be no differential from any v0-torsion class to any v0-torsion free
class. In particular, there are no differentials from

À

kě1Wk to Exts,f,wEp0q_
p

pMpq. Note that
Adams differentials increase filtration. Since

À

kě1Wk is contained in filtration 0 , this rules
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out any differentials from Exts,f,wEp0q_
p

pMpq to
À

kě1Wk or from
À

kě1Wk to itself, concluding
the proof. □

To produce a spectrum-level splitting, we will use the BPGLx0y-relative Adams spectral
sequence. Towards this end, we make the following relative homology computations.

Proposition 4.2. There exists an isomorphism of Ep0q_
p -comodules

H
BPGLx0y
˚,˚ pBPGLx0y ^BPGLx0yq – H

BPGLx0y
˚,˚ pBPGLx0y _ V q ,

where V is a finite-type sum of suspensions of H.

Proof. Recall from Section 2.3 that

H
BPGLx0y
˚˚ BPGLx0y ^X – H˚˚X

for any spectrum X, so we only need to show that H˚˚BPGLx0y – H˚˚pS0 _ V q. Recall
from Proposition 3.14 that

H˚,˚BPGLx0y –

8
à

k“0

Σkp2p´2,p´1qB´1pkq.

Note that HBPGLx0y
˚,˚ BPGLx0y – MF

p – B´1p0q. For k ą 0, observe from Proposition 3.13
that B´1pkq is a finite sum of suspensions of Ep0q_

p , and then recall from Proposition 3.1
that HBPGLx0y

˚,˚ H – Ep0q_
p . □

4.2. BPGLx0y coefficients. We begin by computing the homotopy of BPGLx0y. Note
that in this section and all subsequent sections, we depict all charts in ps, fq-grading, with
motivic weight w suppressed.

Proposition 4.3. Let F “ C or R. The mASSFp pBPGLx0yq collapses on the E2-page,
giving isomorphisms

πC
˚,˚pBPGLx0yq – Zprτ s

for any prime p and

πR
˚,˚pBPGLx0yq –

"

Z2rτ2, ρs{p2ρq p “ 2
Zprθs p ą 2.

Proof. Over C, since the motivic Ep0q_
p is the base change of the classical Ep0q_

p from Fp to
Fprτ s “ MC

p , the E2-page is the base change of the classical E2-page of the Adams spectral
sequence for BP x0y:

E2 “ Exts,f,wEp0q_
p

pMC
p q – Fprτ, v0s,

where |v0| “ p0, 1, 0q. Over R, the E2-page was computed at the prime p “ 2 by Hill in
[Hil11, Theorem 3.1] and shown to be

Exts,f,wEp0q_
2

pMR
2 q – F2rρ, τ2, v0s{pρv0q.

For odd primes, the E2-page is determined in the same way as over C, except that we are
base changing from Fp to Fprθs – MR

p :

Exts,f,wEp0q_
p

pMR
p q – Fprθ, v0s.
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In all cases, there can be no differentials for degree reasons, so the spectral sequences must
collapse and the result follows. □

The E2-pages described in Proposition 4.3 are depicted in Figure 4.1.

Figure 4.1. Charts for Exts,f,wEp0q_
p

pMF
p q for F “ C or R. The left chart

represents the case F “ C and p any prime, where a ‚ denotes Fprτ s,
and also represents the case F “ R and p ą 2, where a ‚ denotes Fprθs.
The right chart represents the case F “ R and p “ 2, where a ‚ denotes
F2rτ2s. A vertical line represents multiplication by v0, and a horizontal line
represents multiplication by ρ.

Proposition 4.4. Let F “ Fq be a finite field with charpFqq ‰ 2. Then the differentials in
the mASSFq

2 pBPGLx0yq at the prime p “ 2 have the following behavior. For q ” 1 p4q, all
nontrivial differentials are generated under the Liebniz rule by

dν2pq´1q`spτ
2sq “ uτ2

s
´1v

ν2pq´1q`s
0 , s ě 0.

For q ” 3 p4q, all differentials are generated under the Liebniz rule by

dν2pq2´1q`spτ
2sq “ ρτ2

s
´1v

ν2pq2´1q`s
0 , s ě 1.

Proof. The E2-page of the mASSFq pBPGLx0yq was determined by Kylling in [Kyl15, The-
orem 4.1.2, Theorem 4.1.3] and takes the form

Exts,f,wEp0q_
2

pMFq

2 q –

"

F2ru, τ, v0s{pu2q q ” 1 p4q

F2rρ, τ2, v0, ρτ s{pρ2, ρv0, ρpρτq, pρτq2q q ” 3 p4q
.

For degree reasons, there can be no differential on a class which is not divisible by τ . For a
class τnx where x is not divisible by τ , the Liebniz rule gives a formula for any differential:

drpτ
nxq “ drpτ

nqx` τndrpxq “ drpτ
nqx.

Thus all differentials are determined by their values on powers of τ . Recall that the spectrum
HZ represents motivic cohomology with integer coefficients [Spi18]. In particular, there is
an isomorphism

πFq
s,wpHZq – H´s,´wpFq;Zq^

2 ,
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where the right hand side is 2-completed. These motivic cohomology groups were calculated
by Soulé to be [Sou79]:

(4.2) H´s,´wpFq;Zq^
2 “

$

&

%

Z2 s “ w “ 0;
Z{pq´w ´ 1q2 s “ ´1, w ď ´1;

0 else.

This implies that πFq

0,´wpHZq “ 0 for w ě 1, thus all powers of τ must be killed in the
spectral sequence. The particular formulas given are now forced by the groups given in
Equation (4.2). For example, take q “ 3. We have that πF3

´1,´2pHZq – Z{8, which implies
that the class ρτv40 is the class in stem ´1 and weight ´2 of lowest Adams filtration which
must be the target of a differential. Since τ2 must die, this forces the differential d4pτ2q “

ρτv40 . The Liebniz rule then determines all d4-differentials on τ2n for n odd. Similarly,
we have πF3

´1,´3pHZq – Z{2, so we must have that d5pτ4q “ ρτ3v50 , and the Liebniz rule
determines all d5-differentials on τ4n for n odd. □

The E2-pages described in Proposition 4.4 are depicted in Figure 4.2.

Figure 4.2. Charts for Exts,f,wEp0q_
2

pMFq

2 q. The left chart represents the case
where q ” 3 p4q, where a ‚ denotes F2rτ2s and an orange class denotes ρτ -
divisibility. The right chart represents the case where q ” 1 p4q, where a ‚

denotes F2rτ s. A vertical line represents v0 multiplication, and a horizontal
line represents ρ-multiplication in the left chart and u-multiplication in the
right chart.

Proposition 4.5. Let F “ Fq be a finite field with charpFqq ‰ p. Then the differentials in
the mASSFq

p pBPGLx0yq at a prime p ą 2 have the following behavior. Let i be the smallest
positive integer such that p | qi ´ 1. For qi ” 1 pp2q, all nontrivial differentials are generated
under the Liebniz rule by

dνppqi´1q`spζ
psq

.
“ uζp

s
´1v

νppqi´1q`s
0 , s ě 0.

For qi ı 1 pp2q, all nontrivial differentials are generated under the Liebniz rule by

dνppqpi´1q`spζ
psq

.
“ γζp

s
´1v

νppqpi´1q`s
0 , s ě 1.
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Proof. This follows in the same way as in Proposition 4.4. The E2-page of the mASSFq
p pBPGLx0yq

was determined by Wilson in [Wil16, Proposition 6.4, Proposition 7.7]. For qi ” 1 pp2q, we
have

Es,f,w2 “ Exts,f,wEp0q_
p

pMFq
p q – Fpru, ζ, v0s{pu2q,

and for qi ı 1 pp2q, we have

Es,f,w2 “ Exts,f,wEp0q_
p

pMFq
p q –

Fprγ, ζp, v0, γζ, γζ
2, . . . , γζp´1s

pγ2, γv0, γpγζjq, pγζjqpγζkq : 1 ď j, k ď p´ 1q
.

The multiplicative structure in the qi ı 1 pp2q is less opaque than it appears at first
glance. In terms of Adams charts, there is a v0-tower in stem 0 which supports a sin-
gle γ-multiplication on the generator and there are p´ 1-many v0-towers in stem ´1 which
admit no further multiplication. Recall that the homotopy of HZ is determined by the
motivic cohomology groups, which were determined to be [Sou79]:

(4.3) H´s,´wpFq;Zq^
p “

$

&

%

Zp s “ w “ 0;
Z{pq´w ´ 1qp s “ ´1, w ď ´1;

0 else.

As in the proof of Proposition 4.4, the differentials are forced for degree reasons: no power
of ζ may survive to the E8-page, and so the particular formulas for the differentials are the
only ones possible to get the groups described in Equation (4.3). □

The E2-page for the case of qi ” 1 pp2q is depicted in the right side of Figure 4.2, where a
‚ denotes Fprζs and a horizontal line denotes u-multiplication. The E2-page for the case of
qi ı 1 pp2q when p “ 5 is depicted in Figure 4.3.

Figure 4.3. Charts for Exts,f,wEp0q_
p

pMFq
p q with a nontrivial Bockstein ac-

tion on Fq and for p “ 5. A ‚ denotes F5rζ5s, and a blue class denotes
F5tγζjurζ5s for some 1 ď j ď 4. A vertical line represents v0-multiplication,
and a horizontal line represents γ-multiplication. Each blue v0-tower is in
stem -1. The case of a trivial Bockstein action at any odd prime is depicted
in the left chart of Figure 4.2, where a ‚ denotes Fprζs.
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4.3. The homotopy ring of BPGLx0y-cooperations. Next, we compute the homotopy
of BPGLx0y ^BPGLx0y.

Theorem 4.6. Let F P tC,R,Fqu, where charpFqq ‰ p. Then there is an isomorphism for
all primes p:

πF˚,˚pBPGLx0y ^BPGLx0yq – πF˚,˚pBPGLx0yq ‘W,

where W is a sum of shifts of Mp.

Proof. We will show this by analyzing the mASSppBPGLx0y ^ BPGLx0yq. We saw in
Equation (4.1) that this spectral sequence has signature

E2 “ Exts,f,wEp0q_
p

pMpq ‘
à

kě1

Wk ùñ πs,wpBPGLx0y ^BPGLx0yq.

By Lemma 4.1, the only differentials in this spectral sequence are those contained in the
summand Exts,f,wEp0q_

p
pMpq. These were analyzed in the previous section in Proposition 4.3,

Proposition 4.4, and Proposition 4.5. Since each component of
À

kě1Wk contributes a free
summand of Mp, the result follows. □

4.4. Constructing the spectrum-level splitting. Now, we use the relative Adams spec-
tral sequence to lift this algebraic splitting to a spectrum-level splitting.

Theorem 4.7. For any prime p and for any F P tC,R,Fqu, there is an equivalence of
spectra (up to p-completion):

BPGLx0y ^BPGLx0y » BPGLx0y _ V,

where V is a wedge of suspensions of HFp.

Proof. Consider the relative Adams spectral sequence

Es,f,w2 – Exts,f,wEp0q_
p

´

H
BPGLx0y
˚,˚ pBPGLx0y _ V q , H

BPGLx0y
˚,˚ pBPGLx0y ^BPGLx0yq

¯

ùñ rBPGLx0y _ V,BPGLx0y ^BPGLx0ys
BPGLx0y

ps,wq
.

The isomorphism of Proposition 4.2 is represented by a class in degree θ P E0,0,0
2 . If θ

survives the spectral sequence, then it lifts to a homotopy equivalence (up to p-completion)
rθ : BPGLx0y _ V Ñ BPGLx0y ^BPGLx0y. Recall from the proof of Proposition 4.2 that

H
BPGLx0y
˚,˚ pBPGLx0y _ V q – MF

p ‘
à

iPI

ΣαpiqEp0q_
p ,

where
À

iPI

ΣαpiqEp0q_
p is a finite-type sum of suspensions of Ep0q_

p . So we can rewrite the

E2-page as

Es,f,w2 – Exts,f,wEp0q_
p

˜

MF
p ‘

à

iPI

ΣαpiqEp0q_
p ,MF

p ‘
à

iPI

ΣαpiqEp0q_
p

¸

.

Since Ep0q_
p is free and injective over itself,

Es,f,w2 – Exts,f,wEp0q_
p

`

MF
p ,MF

p

˘
à

jPJ

ΣβpjqMF
p .



SPLITTINGS OF TRUNCATED MOTIVIC BROWN–PETERSON COOPERATIONS ALGEBRAS 25

Note that the second summand,
à

jPJ

ΣβpjqMF
p ,

is concentrated in filtration f “ 0, so no differentials are possible within that summand.
Furthermore, this summand is v0-torsion, while the first summand

Exts,f,wEp0q_
p

`

MF
p ,MF

p

˘

is v0-torsion free above the line f “ 0, so no differentials can go from the second summand
to the first. Therefore the only potential differentials must occur within the first summand.
By the same arguments as in the analysis of the Adams spectral sequence for computing
π˚,˚BPGLx0y, no differentials can originate from degree ps, f, wq “ p0, 0, 0q in the first
summand, so indeed θ survives the spectral sequence. □

Remark 4.8. One may use the computations in this section to compute the E1-page of the
BPGLx0y-motivic Adams spectral sequence. In recent work, Burklund–Pstragowski [BP25]
study the relationship between the classical BP x0y and HFp-Adams spectral sequences.
For example, they show that the quotient map BP x0y Ñ HFp induces a map of spectral
sequences that allows one to identify the E2-page of the BP x0y-Adams spectral sequence
for the sphere:

BP x0yEs,f2 “

$

&

%

Zppq s “ 0, f “ 0
0 s “ 0, f ‰ 0

Exts,fA_
p

pFp,Fpq s ‰ 0.

Our splitting indicates that an analogous statement should hold for the E2-page of the
BPGLx0y-motivic Adams spectral sequence.

5. Splitting BPGLx1y ^BPGLx1y

In this section, we produce spectrum-level splittings of the cooperations algebra BPGLx1y^

BPGLx1y. We also compute the homotopy ring of cooperations π˚,˚pBPGLx1y^BPGLx1yq.
Interestingly, we show that the differentials in the motivic Adams spectral sequence com-
puting the homotopy ring of cooperations are completely determined by v1-linearity and
the integral motivic cohomology of the base field, which was discussed in the previous sec-
tion. As an application, we deduce the E1-page of the BPGLx1y-motivic Adams spectral
sequence. Specifically, we describe the n-line in terms of a splitting of spectra, and in terms
of homotopy groups, as a module over the 0-line. Recall that at the prime 2, a model for
BPGLx1y is the (2-local) effective algebraic K-theory spectrum kgl, while at odd primes, a
model for BPGLx1y is the (p-local) connective motivic Adams summand mℓ [NSØ15].

5.1. Strategy. In this section, we outline our strategy for computing the homotopy ring of
cooperations. The spectrum-level splitting of the cooperations algebra is more involved, and
we defer our overview for the relative Adams spectral sequence arguments until Section 5.4.
All results here are stated independent of base field unless otherwise indicated.

We will begin by computing the homotopy groups π˚,˚pBPGLx1yq by a motivic Adams
spectral sequence. The mASSppBPGLx1yq takes the form

Exts,f,wA_
p

pH˚,˚pBPGLx1yqq ùñ πs,wpBPGLx1yq.
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Recall from Proposition 3.2 that there is an isomorphism of A_
p -comodules:

H˚,˚pBPGLx1yq – A_
p l
Ep1q_

p

Mp.

Using a change-of-rings isomorphism, the E2-page can then be rewritten as

E2 “ Exts,f,wA_
p

pA_
p l
Ep1q_

p

Mpq – Exts,f,wEp1q_
p

pMpq.

After computing these homotopy groups, we will compute the cooperations algebra by an-
other motivic Adams spectral sequence. The mASSppBPGLx1y^BPGLx1yq has signature

E2 “ Exts,f,wA_
p

pH˚,˚pBPGLx1y ^BPGLx1yqq ùñ πs,wpBPGLx1y ^BPGLx1yq.

Using the Kunneth isomorphism of Proposition 3.3, the change-of-rings isomorphism, the
Brown-Gitler decomposition of Proposition 3.14, and the Ep1q_

p -comodule isomorphism of
Proposition 3.16, we can rewrite the E2-page as
(5.1)
Exts,f,wA_

p
pH˚,˚pBPGLx1y ^BPGLx1yqq –

à

kě0

Σ2kpp´1q,kpp´1qExts,f,wEp1q_
p

pLppνppk!qq ‘Wkq,

where Wk is a wedge of suspensions of Mp.

Determining the differentials in the mASSppBPGLx1y ^ BPGLx1yq is slightly more in-
volved. We will first show that the differentials in the mASSppBPGLx1yq are determined
by v1-linearity combined with the differentials in the mASSppBPGLx0yq. Then, we will
use the description of the E2-page in Equation (5.1) to lift differentials and compute the
homotopy ring of cooperations.

5.2. BPGLx1y coefficients. We begin by computing the homotopy of BPGLx1y.

Proposition 5.1. Let F “ C or R. Then the motivic Adams spectral sequence for BPGLx1y

collapses on the E2-page, giving isomorphisms

πC
˚,˚pBPGLx1yq – Zprτ, v1s

for any prime p and

πR
˚,˚pBPGLx1yq –

"

Z2rρ, τ4, 2τ2, v1s{p2ρ, v1ρ
3q p “ 2

Zprθ, v1s p ą 2.

Proof. Over C for all primes and over R at odd primes, similar to the case of BPGLx0y,
the E2-page is the base change of the classical Adams spectral sequence for BP x1y from Fp
to MF

p . Thus, the E2-page over C at all primes is given by

Exts,f,wEp1q_
p

pMC
p q – Fprτ, v0, v1s,

and the E2-page over R for odd primes is given by

Exts,f,wEp1q_
p

pMR
p q – Fprθ, v0, v1s,

where |v1| “ p2pp´ 1q, 1, p´ 1q. Over R and at the prime p “ 2, the E2-page was computed
in [Hil11, Theorem 3.1] and shown to be

Exts,f,wEp1q_
2

pMR
2 q – F2rρ, τ4, v0, τ

2v0, v1s{
`

ρv0, ρ
3v1, pτ

2v0q2
˘

“ τ4v20 .



SPLITTINGS OF TRUNCATED MOTIVIC BROWN–PETERSON COOPERATIONS ALGEBRAS 27

There can be no differentials in any of these spectral sequences for degree reasons, so the
spectral sequences must all collapse. The result follows. □

The E2-pages described in Proposition 5.1 are depicted in Figure 5.1 and Figure 5.2.

Figure 5.1. Charts for Exts,f,wEp1q_
p

pMF
p ,MF

p q for F “ C at all primes or R
at odd primes. For F “ C, a ‚ denotes Fprτ s, and for F “ R, a ‚ denotes
Fprθs. A vertical line indicates v0-multiplication, while v1-multiplication is
suppressed.

Figure 5.2. Charts for Exts,f,wEp1q_
2

pMR
2 ,MR

2 q. A ‚ denotes F2rτ4s and an
orange class denotes τ2v0-divisibility. A vertical line represents v0-
multiplication and a horizontal line represents ρ-multiplication, while v1-
multiplication is suppressed.
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Before determining the coefficients of BPGLx1y over finite fields, we make a few preliminary
calculations.

Lemma 5.2. Let p be an odd prime and let Fq be a finite field such that charpFqq ‰ p and
there is a trivial Bockstein action. Then there is an isomorphism

Exts,f,wEp1q_
p

pMFq
p q – Fpru, ζ, v0, v1s{pu2q.

Proof. The dual Fq-motivic Steenrod algebra is the base change of the classical dual Steenrod
algebra A_

p to MFq
p :

A_
p “ A_

p b Fpru, ζs{pu2q.

Note that this isomorphism also holds true for Ep1q_
p . This observation gives rise to a natural

map of Hopf algebroids
pFp, Ep1q_

p q Ñ pMFq
p , Ep1q_

p q

which is just base change to MFq
p . By the change-of-rings theorem for Hopf algebroid exten-

sions [Rav86, A1.3.12], we have an isomorphism

Exts,f,wEp1q_
p

pMFq
p q – Exts,f,wEp1q_

p
pFpq b MFq

p – Fpru, ζ, v0, v1s{pu2q

The particular degrees of the generators can be obtained by an analysis of the cobar complex
CEp1q_

p
pMFq

p q. □

Lemma 5.3. Let p be an odd prime and let Fq be a finite field such that charpFqq ‰ p and
there is a nontrivial Bockstein action. Then there is an isomorphism

Exts,f,wEp1q_
p

pMFq
p q –

Fprγ, ζp, v0, v1, γζ, γζ
2, . . . , γζp´1s

pγ2, γv0, γpγζjq, pγζjqpγζkq : 1 ď j, k ď p´ 1q
.

Proof. This follows in a similar fashion to [Wil16, Proposition 7.7]. We may calculate this
Ext group by a γ-Bockstein spectral sequence. To be precise, consider the cobar complex
CEp1q_

p
pMFq

p q whose cohomology computes Exts,f,wEp1q_
p

pMFq
p q. We may filter this by powers of

the class γ P MFq
p . Since γ2 “ 0, this is a short filtration, and has an associated short exact

sequence of the form

0 Ñ γ ¨ CEp1q_
p

pMFq
p q Ñ CEp1q_

p
pMFq

p q Ñ CEp1q_
p

pMFq
p q{γ Ñ 0.

Notice that this filtration supplies us with isomorphisms of Hopf algebroids:

γ ¨ CEp1q_
p

pMFq
p q – CEp1q_

p
pMFq

p q{γ – Fprζs b CEp1q_
p,

pFpq.

This implies that E1-page of the γ-BSS takes the form

E1 “

´

Fprζs b Exts,fEp1q_
p

pFpq

¯

rγs{pγ2q – Fprγ, ζ, v0, v1s{pζ2q.

Since γ2 “ 0, the d1-differential is the only possible nontrivial differential. For degree
reasons, the differential must be trivial on classes which are not divisible by ζ. The value on
ζ is given by d1pζq

.
“ γv0. The Liebniz rule forces all other differentials. Notice that as we

are working over a field of characteristic p, we have that d1pζkq “ 0 for any k ě 0 such that
p | k. The classes γζ, γζ2, . . . , γζp´1 all survive to the E8-page with multiplicative structure
leftover from the E1-page, giving the result. □
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Proposition 5.4. Let charpFqq ‰ p. Then the differentials in the mASSFq
p pBPGLx1yq are

determined by the differentials in the mASSFq
p pBPGLx0yq.

Proof. We start with the case where p “ 2. Then the E2-page of the mASSFq

2 pBPGLx1yq

was determined by Kylling in [Kyl15, Theorem 4.1.2, Theorem 4.1.4] and takes the form

Exts,f,wEp1q_
2

pMFq

2 q –

"

F2ru, τ, v0, v1s{pu2q q ” 1 p4q

F2rρ, τ2, v0, v1, ρτ s{pρ2, ρv0, ρpρτq, pρτq2q q ” 3 p4q.

We now follow the argument of [Kyl15, Section 4.2]. As in the case of BPGLx0y, for degree
reasons there can be no differential on a class which is not divisible by τ , and so the Liebniz
rule implies that all differentials are determined by their value on powers of τ . Recall from
Section 2 (Equation (2.3)) that there is a cofiber sequence

Σ2,1BPGLx1y Ñ BPGLx1y Ñ BPGLx0y.

The reduction map BPGLx1y Ñ BPGLx0y induces a map of spectral sequences, which is
realized on E2-pages as

Exts,f,wEp1q_
2

pMFq

2 q Ñ Exts,f,wEp0q_
2

pMFq

2 q.

Classes in the domain get sent to their namesakes in the target for degree reasons. Since
the map of spectral sequences commutes with differentials, the values of the differentials on
powers of τ in the mASSFq

2 pBPGLx1yq are determined by the values of the differentials in
the mASSFq

2 pBPGLx0yq. Recall that a model for the spectrum BPGLx1y is the effective
algebraic K-theory spectrum kgl. This spectrum represents algebraic K-theory in that for
s ě 1 there is an isomorphism

πFq
s,wpkglq – Ks´2wpFqq2.

The algebraic K-theory of finite fields was determined by Quillen to be [Qui73]

KipFqq2 –

$

&

%

Z2 i “ 0;
Z{pqn ´ 1q2 i “ 2n´ 1, n ě 1;

0 else.

In particular, since πFq

2n,npkglq – Z2, we see that all powers of v1 are permanent cycles. This
implies that the spectral sequence is both v0 and v1-linear, and thus all differentials are
completely determined by their values on powers τ , giving the result.

Now, let p ą 2. the E2-page of the mASSFq
p pBPGLx1yq was calculated above in Lemma 5.2

and Lemma 5.3. Recall that a model for the spectrum BPGLx1y is the connective motivic
Adams summand mℓ. Since πFq

2pp´1q,p´1pmℓq – Zp, all powers of v1 must be permanent
cycles [NSØ15]. Thus, the differentials in the spectral sequence are completely determined
by their values on ζ. The argument now follows exactly as above: the differentials on ζ
determined in Proposition 4.4 and Proposition 4.5 lift to our case, finishing the proof. □

The E2-pages described in Proposition 5.4 are depicted in Figure 5.3, Figure 5.4, and Fig-
ure 5.5.

Remark 5.5. While we are primarily concerned with the spectra BPGLx0y and BPGLx1y,
one may theoretically also deduce results in greater generality, which we outline now. For
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Figure 5.3. Charts for Exts,f,wEp1q_
2

pMFq

2 ,M
Fq

2 q for q ” 3 p4q. A ‚ denotes
F2rτ2s, and an orange class denotes F2tρτurτ2s. A vertical line represents
v0-multiplication and a horizontal line represents ρ-multiplication, while
v1-multiplication is suppressed.

Figure 5.4. Charts for Exts,f,wEp1q_
p

pMFq
p ,MFq

p q where p is any prime with a
trivial Bockstein action on Fq. A ‚ denotes F2rτ s in the case of p “ 2 and
Fprζs for p odd. A vertical line represents v0-multiplication and a horizontal
line represents u-multiplication, and v1-multiplication is suppressed.

F “ C, the E2-page of the mASSC
p pBPGLxnyq for all n ě 0 follows from base change of
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Figure 5.5. Charts for Exts,f,wEp1q_
p

pMFq
p ,MFq

p q for p “ 5 with a nontrivial
Bockstein action on Fq. A ‚ denotes F5rζ5s, and a blue class denotes
F5tγζjurζ5s for some 1 ď j ď 4. A vertical line represents v0-multiplication,
and a horizontal line represents γ-multiplication, and v1-multiplication is
suppressed.

the classical case to MC
p :

Es,f,w2 “ MC
p rv0, . . . , vns ùñ πC

˚,˚pBPGLxnyq,

where |vi| “ p2ppi´1q, 1, pi´1q. For F “ R, the same argument describes the E2-page at odd
primes, by base-changing to MR

p . At the prime p “ 2, the E2-page of the mASSR
2 pBPGLxnyq

was computed for all n ě 0 by the ρ-Bockstein spectral sequence of Hill [Hil11, Theorem
3.1]. This is the predecessor to the γ-BSS of Lemma 5.3 at the prime 2: by filtering the
cobar complex CEpnq_

2
pMR

2 q by powers of ρ, one obtains a spectral sequence

Es,f,w1 “ Exts,f,wEpnq_
2

pMC
2 qrρs ùñ Exts,f,wEpnq_

2
pMR

2 q.

Alternatively, one may also compute this E2-page by a vn-Bockstein spectral sequence

Es,f,w1 “ Exts,f,wEpn´1q_
2

pMR
2 qrvns ùñ Exts,f,wEpnq_

2
pMR

2 q.

These two spectral sequences fit together into the following square, reminiscent of the ones
given in [CKQ21].

(5.2)

Exts,f,wEpn´1q_
2

pMC
2 q

Exts,f,wEpnq_
2

pMC
2 q Exts,f,wEpn´1q_

2
pMR

2 q

Exts,f,wEpnq_
2

pMR
2 q.

vn-BSS ρ-BSS

ρ-BSS vn-BSS

Regardless of the method, upon computing the E2-page at any prime one easily deduces that
the motivic Adams spectral sequence collapses over C and R for degree reasons. A similar
story holds over finite fields, replacing the ρ-BSS with the γ-BSS in the odd primary case.
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Remark 5.6. Our computations show that in the cases where F “ C and p is any prime,
F “ R and p ą 2, and F “ Fq with a trivial Bockstein action and p is any prime, the
E2-page of the mASSFp pBPGLx1yq can be expressed as

Exts,f,wEp1q_
p

pMF
p ,MF

p q – Exts,fEp1q_
p

pFp,Fpq b MF
p – MF

p rv0, v1s.

To be more direct, this shows that the motivic E2-page is determined by the classical E2-page
of the ASSppBP x1yq and the integral motivic homology of a point. A similar observation
was made in [Mor25b], where in the case of a trivial Bockstein action, the E2-page of the
mASSFq

2 pkqq was shown to be determined by the classical E2-page of the ASS2pboq and
the motivic homology of a point.

5.3. The homotopy ring of BPGLx1y-cooperations. Next, we compute the homotopy
of BPGLx1y ^BPGLx1y. We begin by computing the Ext groups Exts,f,wEp1q_

p
pLppkqq.

Lemma 5.7. Let Lppkq denote the kth lightning flash module. Then there is an isomorphism
of Mp-modules and Ep1q_

p -comodules:

Exts,f,wEp1q_
p

pLppkqq –

k´1
à

i“0

Exts,f,wEp0q_
p

pMpqtxiu ‘ Exts,f,wEp1q_
p

pMpqtxku,

where |xi| “ p2ipp´ 1q, 0, ipp´ 1qq and where

v1xi “ v0xi`1

for all 0 ď i ď k.

Proof. For k “ 0 we have that Lpp0q “ Mp, and the Ext group in question was calculated
in Proposition 5.1, Lemma 5.2, and Lemma 5.3.

For k “ 1, we use the short exact sequence of Ep1q_
p -comodules from Equation (3.2), which

takes the form

0 Ñ Σ2pp´1q,p´1Mp Ñ Lpp1q Ñ pEp1qp{{Ep0qpq_ Ñ 0.

Applying the functor Exts,f,wEp1q_
p

p´q gives the following long exact sequence in Ext:

¨ ¨ ¨ Ñ Exts,f,wEp1q_
p

pΣ2pp´1q,p´1Mpq Ñ Exts,f,wEp1q_
p

pLpp1qq Ñ Exts,f,wEp1q_
p

ppEp1qp{{Ep0qpq_q Ñ ¨ ¨ ¨

Observe that pEp1qp{{Ep0qpq_ – Ep1q_
p l
Ep0q_

p

Mp, and so we can rewrite the right hand term

using a change-of-rings isomorphism:

Exts,f,wEp1q_
p

pEp1q_
p l
Ep0q_

p

Mpq – Exts,f,wEp0q_
p

pMpq.

Our prior calculations of Exts,f,wEp1q_
p

pMpq and Exts,f,wEp0q_
p

pMpq show that the connecting homo-
morphism

Exts,f,wEp0q_
p

pMpq
δ

ÝÑ Exts`1,f´1,w
Ep1q_

p
pMpq

must be trivial for degree reasons. This implies that the long exact sequence decomposes
into short exact sequences which allow us to construct Exts,f,wEp1q_

p
pLpp1qq from the surrounding

Ext groups. In particular, we have an isomorphism

Exts,f,wEp1q_
p

pLpp1qq – Exts,f,wEp0q_
p

pMpqtx0u ‘ Exts,f,wEp1q_
p

pMpqtx1u,
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where |x0| “ p0, 0, 0q and |xi| “ p2ipp´ 1q, 0, ipp´ 1qq The extension v1x0 “ v0x1 follows
from the same methods as in the classical case.

Now, suppose the statement is true for all k ď n. By the inductive hypothesis on the
structure of Exts,f,wEp1q_

p
pLppn´ 1qq, the long exact sequence in Ext induced by

0 Ñ Σ2pp´1q,p´1Lppn´ 1q Ñ Lppnq Ñ pEp1qp{{Ep0qpq_ Ñ 0

has a trivial connecting homomorphism. Using the change-of-rings isomorphism again sup-
plies us with an isomorphism

Exts,f,wEp1q_
p

pLppnqq – Exts,f,wEp1q_
p

pΣ2pp´1q,p´1Lppn´ 1qq ‘ Exts,f,wEp0q_
p

pMpq.

Relabel the generators xi P Exts,f,wEp1q_
p

pLppn ´ 1qq by xi`1, and let x0 denote the generator

of Exts,f,wEp0q_
p

pMpq. The hidden extension v1xn “ v0xn`1 follows from the same methods as
in the classical case. By our inductive hypothesis, we have extensions v1xi “ v0xi`1 for all
0 ď i ď n, concluding the proof. □

For the benefit of the reader, we depict the group Exts,f,wEp1q_
p

pLpp2qq for all fields in question
in Figure 5.6, Figure 5.7, Figure 5.8, Figure 5.9, and Figure 5.10.

Figure 5.6. Charts for Exts,f,wEp1q_
p

pMF
p , L

F
p p2qq for F “ C at all primes or R

at odd primes. For F “ C, a ‚ denotes Fprτ s, and for F “ R, a ‚ denotes
Fprθs. A vertical line indicates v0-multiplication, while v1-multiplication is
suppressed.

Building off of the observation we made in Remark 5.6, we have the following.

Corollary 5.8. If F “ C at any prime, F “ R and p is odd, or F “ Fq and there is a
trivial Bockstein action, then

Exts,f,wEp1q_
p

pMF
p , Lppmqq – Exts,fEp1q_

p
pFp, Lclp pmqq b MF

p ,

where Lclp pmq denotes the classical lightning flash module.
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Figure 5.7. Charts for Exts,f,wEp1q_
2

pMR
2 , L

R
2 p2qq. A ‚ denotes F2rτ4s, and

an orange class denotes τ2v0-divisibility. A vertical line represents v0-
multiplication and a horizontal line represents ρ-multiplication, while v1-
multiplication is suppressed.

Figure 5.8. Charts for Exts,f,wEp1q_
p

pMFq
p , L

Fq
p p2qq for p any prime with a triv-

ial Bockstein action on Fq. A ‚ denotes F2rτ s in the case of p “ 2 and Fprζs

for p odd. A vertical line represents v0-multiplication and a horizontal line
represents u-multiplication, while v1-multiplication is suppressed.

Proof. The descriptions of Exts,f,wEp1q_
p

pMF
p ,MF

p q given in the proof of Proposition 5.1 and

Lemma 5.2 tell us that Exts,f,wEp1q_
p

pMF
p ,MF

p q – Exts,fEp1q_
p

pFp,Fpq bMF
p . Likewise, the descrip-

tions of Exts,f,wEp0q_
p

pMF
p ,MF

p q given in Proposition 4.3 and the proofs of Proposition 4.4 and
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Figure 5.9. Charts for Exts,f,wEp1q_
2

pMFq

2 , L
Fq

2 p2qq with a nontrivial Bockstein
action on Fq. A ‚ denotes F2rτ2s, and an orange class denotes ρτ -divisibility.
A vertical line represents v0-multiplication and a horizontal line represents
ρ-multiplication, while v1-multiplication is suppressed.

Figure 5.10. Charts for Exts,f,wEp1q_
p

pMFq
p , L

Fq
p p2qq for p “ 5 with a nontriv-

ial Bockstein action on Fq. A ‚ denotes F5rζ5s, and a blue class denotes
F5tγζjurζ5s for some 1 ď j ď 4. A vertical line represents v0-multiplication,
and a horizontal line represents γ-multiplication, while v1-multiplication is
suppressed.
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Proposition 4.5 tell us that Exts,f,wEp0q_
p

pMF
p ,MF

p q – Exts,fEp0q_
p

pFp,Fpq bMF
p . The claim follows

immediately from combining these observations with Lemma 5.7. □

The following analogue of Lemma 4.1 will be useful.

Lemma 5.9. The differentials in the mASSppBPGLx1y ^ BPGLx1yq are determined by
the differentials in the mASSppBPGLx1yq.

Proof. The map BPGLx1y Ñ BPGLx1y ^BPGLx1y induces an inclusion on E2-pages

Exts,f,wEp1q_
p

pMpq Ñ
à

kě0

Σ2kpp´1q,kpp´1qExts,f,wEp1q_
p

pLpνppk!qq ‘Wkq.

This is the inclusion into the k “ 0 summand of the right side, recalling that Lpp0q – Mp.
This determines all of the differentials on this summand. By Lemma 5.7, we understand
the Exts,f,wEp1q_

p
pMpq-module structure of the remaining summands Exts,f,wEp1q_

p
pLppνppk!qq ‘Wkq,

which we may rewrite as
νppk!q´1
à

i“0

pExts,f,wEp0q_
p

pMpqtxiuq ‘ Exts,f,wEp1q_
p

pMpqtxνppk!qu ‘ Vk,

where Vk is a sum of suspensions of Mp. The module structure lifts the differentials on
Exts,f,wEp1q_

p
pMpq to these summands in the expected way. □

We can now compute the homotopy ring of cooperations.

Theorem 5.10. Let F P tC,R,Fqu, where charpFqq ‰ p. Then there is an isomorphism for
all primes p:

π˚,˚pBPGLx1y ^BPGLx1yq

–
à

kě0

`

pπ˚,˚BPGLx0yqtx0, . . . , xνppk!q´1u ‘ π˚,˚pBPGLx1yqtxνppk!qu ‘Wk

˘

,

where Wk is a sum of suspensions of Mp.

Proof. By Lemma 5.9, the differentials in the mASSppBPGLx1y ^ BPGLx1yq are deter-
mined by the differentials in the mASSppBPGLx1yq by using the Exts,f,wEp1q_

p
pMpq-module

structure on Exts,f,wEp1q_
p

pLppνppk!qq ‘ Wkq obtained from Lemma 5.7. Note that these differ-
entials are in turn determined by the differentials in the mASSppBPGLx0yq by v1-linearity,
following the argument given in the proof of Proposition 5.4.

To be precise, let dcoopr denote the differential in the mASSppBPGLx1y ^BPGLx1yq, and
let dr denote the differential in the mASSppBPGLx0yq. Each summand of the E2-page of
the mASSppBPGLx1y ^BPGLx1yq takes the form

νppk!q´1
à

i“0

pExts,f,wEp0q_
p

pMpqtxiuq ‘ Exts,f,wEp1q_
p

pMpqtxνppk!qu ‘ Vk.

For any class α P Exts,f,wEp0q_
p

pMpq, we have that

dcoopr pαxiq “ drpαqxi
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for all 0 ď i ď νppk!q ´ 1. For any class β P Exts,f,wEp1q_
p

pMpq, we can rewrite β by factoring

out the maximal power of v1 which divides it, so that β “ vn1 β
1, where β1 P Exts,f,wEp0q_

p
pMpq.

This implies that

dcoopr pβxνppk!qq “ dcoopr pvn1 β
1xνppk!qq “ vn1 drpβ

1qxνppk!q.

For the same reason as given in Lemma 4.1, there can be no differentials involving the
Vk-term.

Thus, in each summand of the mASSppBPGLx1y ^ BPGLx1yq, the differentials are con-
tained within their individual sub-summands. Using our knowledge of the values of these
differentials, we have shown that each summand abuts to

pπ˚,˚BPGLx0yqtx1, . . . xνppk!q´1u ‘ pπ˚,˚BPGLx1yqtxνppk!qu ‘Wk,

where Wk is a sum of suspensions of Mp. Ranging over k ě 0 proves the claim. □

Remark 5.11. For p “ 2, this gives a computation of the homotopy ring of cooperations
for effective algebraic K-theory, recalling that a model for BPGLx0y is HZ:

πF˚,˚pkgl ^ kglq –
à

kě0

`

pπF˚,˚HZqtx0, . . . , xνppk!q´1u ‘ pπF˚,˚kglqtxνppk!qu ‘Wk

˘

.

This extends the computation for F “ R shown in [LPT25a].

We depict the E2-page of the mASSC
2 pBPGLx1y^BPGLx1yq in Figure 5.11. Note that since

the spectral sequence collapses over C, one may also interpret this figure as the actual ho-
motopy ring of cooperations πC

˚,˚pBPGLx1y^BPGLx1yq as a module over πC
˚,˚pBPGLx1yq.

A ■ denotes F2rτ, v0s and a ‚ denotes F2rτ s, with an upwards arrow indicating an infinite
tower of v0-multiplication. As usual, we supress v1-multiplication. Different colors corre-
spond to different summands. For example, the color black refers to the k “ 0-summand,
which is isomorphic to Ext˚,˚,˚

Ep1q_
2

pMC
2 q, and the color blue refers to the k “ 1-summand,

which is isomorphic to

Σ2,1Ext˚,˚,˚
Ep1q_

2
pLC

2 pν2p1!qq – Σ2,1Ext˚,˚,˚
Ep1q_

2
pMC

2 q,

and the color red refers to the k “ 2-summand, which is isomorphic to

Σ4,2Ext˚,˚,˚
Ep1q_

2
pLC

2 pν2p2!qqq – Σ4,2Ext˚,˚,˚
Ep0q_

2
pMC

2 q ‘ Σ6,3Ext˚,˚,˚
Ep1q_

2
pMC

2 q.

Note that one may alter this image to give the E2-page over all base fields F of interest
in the following way. First, replace each ■ with a copy of Ext˚,˚,˚

Ep0q_
2

pMF
2 q. Then, replace

each diagonal v1-tower with a copy of Ext˚,˚,˚
Ep1q_

2
pMF

2 q. Similar changes produce charts for
the case of an odd prime p, where the stem axis is relabeled with 2pp´ 2q instead of 2, and
the proliferation of ■ changes depending on the values of νppk!q.

Remark 5.12. While it is useful to be able to analyze the mASSppBPGLx1y^BPGLx1yq

in a way that is independent of base field, it also makes the cases of F “ C or R sound more
complex than they actually are. Indeed, although we are able to lift the differentials all the
way from the mASSppBPGLx0yq to this spectral sequence, there is a bit of a triviality in
these cases: there are no differentials to lift, and everything in sight collapses at E2.

Remark 5.13. In the cases of BPGLx0y and BPGLx1y, we see a pattern in the differentials
in the motivic Adams spectral sequences for the coefficients and the cooperations: the only
classes which could possible support differentials are those which are divisible τ or ζ. Over
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Figure 5.11. The homotopy ring of cooperations πC
˚,˚pBPGLx1y ^

BPGLx1yq for p “ 2.

C and R there are no differentials, with every spectral sequence collapsing at the E2-page.
This behavior is a genuine lift of the classical story, as the corresponding spectral sequences
for BP x0y and BP x1y also collapse at the E2-page. In fact, as the Adams spectral sequences
for BP x2y and BP x2y ^ BP x2y also collapse at E2 [Cul19], one is inclined to believe that
our motivic findings at lower heights also carry over to the BPGLx2y cooperations algebra.

5.4. Constructing the spectrum-level splitting of BPGLx1y ^ BPGLx1y. Now, we
construct splittings at the level of spectra. Note that many of the proofs given here bear
similarity to, and are indeed inspired by, those given in [LPT25a, Section 6]. We include
our arguments in full for the reader’s convenience, starting with an overview of the strategy
of the argument.

5.4.1. Overview. Similar to our splitting of BPGLx0y ^BPGLx0y, we will produce a split-
ting of BPGLx1y ^ BPGLx1y by means of a relative Adams spectral sequence. First, we
will give a much simpler BPGLx1y-splitting,

(5.3) BPGLx1y ^BPGLx1y » C _ V,

where V is a wedge of suspensions of H and C contains no H summands. Then we will
show that there is an isomorphism of Ep1q_

p -comodules

à

kě0

θk : Σ2kpp´1q,kpp´1qH
BPGLx1y
˚,˚ BPGLx1yxνppk!qy –

ÝÑ H
BPGLx1y
˚,˚ C.



SPLITTINGS OF TRUNCATED MOTIVIC BROWN–PETERSON COOPERATIONS ALGEBRAS 39

We can realize the maps θk on the individual summands as classes in degree p0, 0, 0q of the
following relative Adams spectral sequence.

Es,f,w2 “ Exts,f,wEp1q_
p

´

H
BPGLx1y
˚,˚ Σ2kpp´1q,kpp´1qBPGLx1yxνppk!qy, H˚,˚C

¯

ùñ rΣ2kpp´1q,kpp´1qBPGLx1yxνppk!qy, Cs
BPGLx1y

ps,wq
.

Showing that each θk survives the spectral sequence produces maps

θ̃k : Σ2kpp´1q,kpp´1qBPGLx1yνppk!q Ñ C

which, since they are induced from the prescribed homology isomorphisms, must assemble
to give an equivalence of spectra (up to p-completion). Combined with Equation (5.3), this
indeed yields a BPGLx1y-module equivalence

BPGLx1y ^BPGLx1y »

8
ł

k“0

Σ2kpp´1q,kpp´1qBPGLx1yνppk!q _ V

5.4.2. Adams covers and relative homology. We begin by establishing a simpler topological
splitting.

Proposition 5.14. There is a BPGLx1y-module splitting

BPGLx1y ^BPGLx1y » C _ V,

where V is a wedge of suspensions of H and C contains no H summands.

Proof. Recall from Proposition 3.2 that there is an isomorphism of Ep1q_
p -comodules:

H˚,˚BPGLx1y –
à

kě0

Σ2kpp´1q,kpp´1qLppνppk!qq ‘Wk,

where each Wk is a finite sum of suspensions of Ep1q_
p . In Proposition 3.1, we showed

that HBPGLx1y
˚,˚ H – Ep1q_

p . Now, take Vk to be a wedge of suspensions of H such that
H
BPGLx1y
˚,˚ Vk – Wk. Letting V “

Ž

kě0 Vk, we have that

H
BPGLx1y
˚,˚ V –

à

kě0

Wk.

Consider the BPGLx1y-relative Adams spectral sequences

Es,f,w2 “ Exts,f,wEp1q_
p

pH
BPGLx1y
˚,˚ V,H˚,˚BPGLx1yq ùñ rV,BPGLx1y ^BPGLx1ys

BPGLx1y

ps,wq

Es,f,w2 “ Exts,f,wEp1q_
p

pH˚,˚BPGLx1y, H
BPGLx1y
˚,˚ V q ùñ rBPGLx1y ^BPGLx1y, V s

BPGLx1y

ps,wq

We can view the inclusion

i : H
BPGLx1y
˚,˚ V – W ãÑ H˚,˚BPGLx1y

as a class in filtration 0 of the first spectral sequence, and we may view the projection

j : H˚,˚BPGLx1y Ñ W – H
BPGLx1y
˚,˚ V

as a class in filtration 0 of the second spectral sequence. Since HBPGLx1y
˚,˚ V is free over

Ep1q_
p , both spectral sequences are entirely contained in filtration f “ 0. Adams differentials
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increase filtration, hence both spectral sequences collapse. This implies that the inclusion
and projection maps lift to give maps of BPGLx1y-modules:

V Ñ BPGLx1y ^BPGLx1y Ñ V.

This gives the desired splitting BPGLx1y ^ BPGLx1y » C _ V , where C contains no
H-summands. □

Remark 5.15. Classically, there is a simplified version of this proof. It is a theorem of
Margolis [Mar74] that any bounded below, locally finite spectrumX admits a decomposition
into C _ V , where C is a wedge of suspensions of H and C contains no H-summands.
Margolis’s proof is exactly the same as the one given here, except that he uses the classical
Adams spectral sequence, rather than a BP x1y-relative Adams spectral sequence. If one
were to know that the motivic Steenrod algebra was injective as a module over itself, then
one could give such a splitting for any bounded-below, locally finite motivic spectrum. Such
a splitting would be useful in studying the cooperations algebra for Hermitian K-theory
kq ^ kq. For that case, Ap1q plays the role that Epnq plays for BPGLxny, so knowing that
Ap1q is self-injective would suffice.

Proposition 5.16. Let BPGLx1yxny denote the nth Adams cover of BPGLx1y. Then there
is an isomorphism

H
BPGLx1y
˚,˚ pBPGLx1yxkyq – Lppkq.

Proof. Recall that the Adams covers BPGLx1yxny are defined by a minimal Adams resolu-
tion of BPGLx1y:

BPGLx1yx0y BPGLx1yx1y BPGLx1yx2y ¨ ¨ ¨

K0 K1 K2

i0 i1 i2

We let BPGLx1yx0y :“ BPGLx1y, and we inductively define the Adams covers so that
BPGLx1yxny is the fiber of BPGLx1yxn´1y in´1

ÝÝÝÑ Kn´1 for all n ě 1. Now, since BPGLx1y

and H are both BPGLx1y-modules, we can apply relative homology HBPGLx1y
˚,˚ p´q to get a

minimal resolution of MF
p by Ep1q_

p -comodules.

We proceed by induction. Choose K0 “ H and the map i0 : BPGLx1y Ñ H to be the unit
map in H˚,˚BPGLx1y “ rBPGLx1y, Hsp˚,˚q. Applying relative homology to the cofiber
sequence

BPGLx1yx1y Ñ BPGLx1y
i0

ÝÑ H

gives a long exact sequence

¨ ¨ ¨ Ñ H
BPGLx1y
˚,˚ BPGLx1yx1y Ñ MF

p Ñ Ep1q_
p Ñ ¨ ¨ ¨ .

By inspection, we have that HBPGLx1y
˚,˚ BPGLx1yx1y – Lpp1q.

Now, suppose that HBPGLx1y
˚,˚ BPGLx1yxky – Lppkq for all k ď n. Define

Kn :“
n
à

i“0

Σ2ipp´1q`1,ipp´1qH.
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Recall that

Lppnq “ Epp1qtx1, x2, ¨ ¨ ¨ , xn |xi`1Q1 “ xiQ0, 1 ď i ď n´ 1u.

Define a map
in : Lppnq Ñ H

BPGLx1y
˚,˚ Kn

by sending xi ÞÑ Σ2ipp´1q`1,ipp´1q1 P Σ2ipp´1q`1,ipp´1qEp1q_
p . This map can be realized by a

map of spectra in : BPGLx1yxny Ñ Kn. To see this, consider the relative Adams spectral
sequence

Exts,f,wEp1q_
p

´

Lppnq, H
BPGLx1y
˚,˚ Kn

¯

ùñ rBPGLx1yxny,Kns
BPGLx1y

ps,wq
.

The homological map in : Lppnq Ñ H
BPGLx1y
˚,˚ Kn is represented by a a class in filtration

f “ 0. Since HBPGLx1y
˚,˚ K is a finite type sum of suspensions of Ep1q_

p and we showed in
Proposition 3.5 that Ep1q_

p is self-injective, the spectral sequence collapses at the E2-page,
and so we get the indicated map of spectra. By induction and the long exact sequence in
relative homology associated to

BPGLx1yxn`1y Ñ BPGLx1yxny in
ÝÑ Kn,

we obtain the desired isomorphism. □

Combining Proposition 3.16 and Proposition 3.14 with Proposition 5.16 tells us that we
have Ep1q_

p -comodule inclusions

θk : Σ2pp´1qk,pp´1qkH
BPGLx1y
˚,˚ BPGLx1yxνppk!qy ãÑ H

BPGLx1y
˚,˚ C,

such that
8
À

k“0

θk is an isomorphism. We can view each θk as a class in degree p0, 0, 0q in the

relative Adams spectral sequence

Es,f,w2 “ Exts,f,wEp1q_
p

´

H
BPGLx1y
˚,˚

´

Σ2kpp´1q,kpp´1qBPGLx1yxνppk!qy
¯

, H
BPGLx1y
˚,˚ C

¯

(5.4)

ùñ rΣ2kpp´1q,kpp´1qBPGLx1yxνppk!qy, Cs
BPGLx1y

ps,wq
.(5.5)

Combining Proposition 3.16 and Proposition 3.14 allows us to rewrite the E2-page as
à

mě0

Exts,f,wEp1q_
p

´

Σ2kpp´1q,kpp´1qLppνppk!qq, Lppνppm!qq

¯

,

and
θk : Σ2kpp´1q,kpp´1qLppνppk!qq ãÑ

à

mě0

Σ2mpp´1q,mpp´1qLppνppm!qq.

In particular, note that θk is the identity map into the summand m “ k, and maps trivially
into all other summands.

If we can show that each map θk survives the spectral sequence, then we will have maps

rθk : Σ2pp´1qk,pp´1qkBPGLx1yxνppk!qy Ñ C

such that their sum is a BPGLx1y-module equivalence. First, we must compute the groups
Exts,f,wEp1q_

p
pLppkq, Lppmqq so that we can analyze the E2-page of the spectral sequence in

Equation (5.4).
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5.4.3. Computations with lightning flash modules. Our final argument relies on the compu-
tation of the groups Exts,f,wEp1q_

p
pLppkq, Lppmqq for all values of k,m ě 0. We begin with a

useful lemma.

Lemma 5.17. There is a ‘wrong-side’ change-of-rings isomorphism

Exts,f,wEp1q_
p

ppEp1qp{{Ep0qpq_,´q – Σ´p2p´2q´1,´pp´1qExts,f,wEp0q_
p

pMp,´q.

Proof. By the equivalence of categories between left Epnq_
p -comodules and right Epnqp-

modules of Proposition 3.4, we have an isomorphism

Exts,f,wEp1q_
p

ppEp1qp{{Ep0qpq_,´q – Exts,f,wEp1qp
ppEp1qp{{Ep0qpq_,´q.

Note that as an Ep1qp-module, we have that

pEp1qp{{Ep0qpq_ – Σp2p´2q`1,p´1Ep1qp{{Ep0qp.

The ordinary change-of-rings isomorphism yields

Exts,f,wEp1qp
pΣp2p´2q`1,p´1Ep1qp{{Ep0qp,´q – Σ´p2p´2q´1,´pp´1qExts,f,wEp0qp

pMp,´q.

Passing back through the equivalence of categories of Proposition 3.4 gives the result. □

The following is straightforward and is easily checked by drawing the relevant lightning flash
modules.

Lemma 5.18. Suppose m ą k. Then when s ă 0, we have

Homp2p´2qs,w
Ep1q_

p
pLppkq, Lppmqq “ 0

for all w.

We are now ready to compute Exts,f,wEp1q_
p

pLppkq, Lppmqq for k ď m. In the following proof, we

say that an element x generates a “v0-tower” to mean that x generates Exts,f,wEp0q_
p

pMp,Mpq.
We depict the spectral sequence described in the proof below in the case of F “ C and
p “ 2 in Figure 5.12 and Figure 5.13. Similar charts for F “ R and p “ 2 are depicted
in [LPT25a, Section 6]. We encourage the reader to refer to these charts while reading the
proof.

Proposition 5.19. Suppose that k ď m. Then

Exts,f,wEp1q_
p

pLppkq, Lppmqq – Exts,f,wEp1q_
p

pMp, Lppm´ kqq ‘B,

where B consists of v0 and v1-torsion concentrated in filtration f “ 0 and negative stems.
To be precise, B consists of:

(1) A direct sum of MC
p in filtration 0 and negative stems congruent to 1 modulo 2pp´1q,

when F “ C and p is any prime;
(2) A direct sum of MR

p in filtration 0 and negative stems congruent to 1 modulo 2pp´1q,
whenever F “ R and p ą 2;

(3) A direct sum of F2rρ, τ4s in filtration 0 with generator in negative stems congruent
to 1 modulo 2, whenever F “ R and p “ 2;
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(4) A direct sum of MFq
p rus{pu2q in filtration 0 with generator in negative stems congru-

ent to 1 modulo 2pp ´ 1q, whenever F “ Fq has a trivial Bockstein action and p is
any prime;

(5) A direct sum of F2rτ2s, F2rτ2, ρs{pρ2q, and F2rτ2, ρτ s{ppρτq2q in filtration 0 with
generator in negative stems congruent to 1 modulo 2, whenever F “ Fq has a non-
trivial Bockstein action and p “ 2;

(6) A direct sum of Fprζps, Fprζp, γs{pγ2q, and Fprζp, γζjs{ppγζjq2q for all 1 ď j ď p´1
in filtration 0 with generator in negative stems congruent to 1 modulo 2pp ´ 1q,
whenever F “ Fq has a nontrivial Bockstein action and p ą 2.

Proof. We proceed by induction on k. The case of k “ 0 was computed in Lemma 5.7.
Suppose the result holds for all n ă k. The short exact sequence of lightning flash modules
from Equation (3.2):

0 Ñ Σ2pp´1q,p´1Lppk ´ 1q Ñ Lppkq Ñ pEp1qp{{Ep0qpq_ Ñ 0.

induces a long exact sequence of the form

¨ ¨ ¨ Ñ Exts,f,wEp1q_
p

pLppkq, Lppmqq Ñ Exts,f,wEp1q_
p

pΣ2pp´1q,p´1Lppk ´ 1q, Lppmqq

d
ÝÑ Exts´1,f`1,w

Ep1q_
p

ppEp1qp{{Ep0qpq_, Lppmqq Ñ ¨ ¨ ¨
(5.6)

We will show our result by studying the spectral sequence associated to this long exact
sequence. By the inductive hypothesis, we have that:

Exts,f,wEp1q_
p

pLppk ´ 1q, Lppmqq – Exts,f,wEp1q_
p

pMp, Lppm´ k ` 1qq ‘B.

By the change-of-rings isomorphism of Lemma 5.17, we also have that:

Exts,f,wEp1q_
p

pEp1q{{Ep0qq_
p , Lppmqq – Σ´2pp´1q´1,´pp´1qExts,f,wEp0q_

p
pMp, Lppmqq.

Thus, we may write the spectral sequence associated to Equation (5.6) as

Σ´2pp´1q´1,´pp´1qExts,f,wEp0q_
p

pMp, Lppmqq ‘ Σ´2pp´1q,´pp´1qExts,f,wEp1q_
p

pMp, Lppm´ k ` 1qq ‘B

ùñ Exts,f,wEp1q_
p

pLppkq, Lppmqq.

(5.7)

Notice that the B summand cannot support any differentials as it is concentrated in Adams
filtration f “ 0.

As an Ep0q_
p -comodule, we have that

Lppmq – Mp ‘ Σ2pp´1q`1,pp´1qEp1q_
p ‘ ¨ ¨ ¨ ‘ Σ2mpp´1q`1,mpp´1qEp1q_

p .

This implies that the left-hand Ext group on the E1-page can be expressed as

Es,f,w1 – Exts,f,wEp0q_
p

pMp, Lppmqq – Exts,f,wEp0q_
p

pMp,Mpq ‘W,

where W is a sum of suspensions of Mp in stems congruent to 1 modulo 2pp´ 1q.

Let the generator for the v0-tower in Σ´2pp´1q,´pp´1qExts,f,wEp1q_
p

pMp, Lppm´ k ` 1qq of lowest
stem degree be denoted x, and let the generator for the only v0-tower in
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Figure 5.12. The E1-page of the spectral sequence computing
Exts,f,wEp1q_

2
pL2p1q, L2p2qq in the case of F “ C. The black portion denotes

Exts,f,wEp1q_
2

pMC
2 , L2p2qq and the red portion denotes Exts,f,wEp0q_

2
pMC

2 ,MC
2 q, and

differentials are blue

Σ´2pp´1q´1,´pp´1qExts,f,wEp0q_
p

pMp, Lppmqq be denoted y. Note that

|x| “ p´2pp´ 1q, 0,´pp´ 1qq and |y| “ p´2pp´ 1q ´ 1, 0,´pp´ 1qq.

By inspection, we see that the only possible differential is from the v0-tower on x to the
v0-tower on y. By Lemma 5.18, we know that Ext2pp´1qs,0,˚

Ep1q_
p

pLppkq, Lppmqq “ 0. Thus x
must support a differential, and for degree reasons it is of the form

dpxq “ v0y.

By the same argument, the expression τnx, or θnx, or ζnx, depending on the base field and
prime must support a differential for every τn, θn, or ζn appearing in Exts,f,wEp0q_

p
pMp,Mpq.

Thus, there are differentials

dpτnxq “ τnv0y, dpθnxq “ θnv0y, dpζnxq “ ζnv0y.

Since the spectral sequence is linear over Exts,f,wEp1q_
p

pMp,Mpq, we also have differentials

dpvi0xq “ vi`1
0 y,

and, for base fields F where the expressions make sense, we have differentials

dpuvi0xq “ uvi`1
0 y, dpρτ ¨ vi0xq “ ρτ ¨ vi`1

0 y, dpγζj ¨ vi0xq “ γζj ¨ vi`1
0 y.

This determines all the differentials in the spectral sequence, and there are no extensions for
degree reasons. The particular values of B are determined by any class in Exts,f,wEp1q_

p
pMp.Mpq

in negative stem which does not support v0-multiplication, any class in Exts,f,wEp0q_
p

pMp,Mpq
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in filtration 0, as it cannot be in the target of a differential, and induction. This concludes
the proof. □

Figure 5.13. Charts for Exts,f,wEp1q_
2

pLC
2 p1q, LC

2 p2qq. The red class in bidegree
p´3, 0q constitutes the torsion B summand.

To aid in our proofs, we recall the classical groups Exts,fEp1q_
p

pLclp pkq, Lclp pmqq. When k ď m,

Exts,fEp1q_
p

pLclp pkq, Lclp pmqq – F2rv0, v1stx0, x1, . . . xm´k| v1xi “ v0xi`1u,

where |xi| “ p2i, 0q. When k ě m,

Exts,fEp1q_
p

pLclp pkq, Lclp pmqq – Fprv0, v1stxu‘Fprv0, v1s

$

&

%

y0, y1, . . . , yk´m´1

ˇ

ˇ

ˇ

ˇ

ˇ

v1yi “ v0yi`1,
v0y0 “ 0,
v1yk´m´1 “ 0

,

.

-

,

where |x| “ p0, k´mq and |yi| “ p´1´ 2pk´m´ iq, 0q. These Ext-terms can be visualized
as in the charts given (which depict the p “ 2 case) in Figure 5.14 (where k ď m) and
Figure 5.15 (where k ą m).

Proposition 5.20. Suppose F “ C or F “ Fq and p is any prime where charpFqq ” 1 pp2q,
or F “ R and p is odd. Then

Exts,f,wEp1q_
p

pLppkq, Lppmqq – Exts,fEp1q_
p

pLclp pkq, Lclp pmqq b MF
p .

Proof. First, note that the case of k ď m is an immediate consequence of Proposition 5.19
combined with the description of Exts,f,wEp1q_

p
pMF

p , Lppmqq for k ď m found in Corollary 5.8.
Thus, we must only prove the case of k ą m.

Fix an m ě 0, and start with the base case k “ m. By Proposition 5.20,

Exts,f,wEp1q_
p

pLppmq, Lppmqq – Exts,fEp1q_
p

pLclp pmq, Lclp pmqq b MF
p .
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Figure 5.14.
Exts,fEp1q˚

pF2, L
cl
2 p3qq

Figure 5.15.
Exts,fEp1q_

2
pLcl2 p3q,F2q

Suppose that for all k1 ă k, Exts,f,wEp1q_
p

pLFp pk1q, LFp pmqq – Exts,fEp1q_
p

pLclp pk1q, Lclp pmqq b MF
p .

As in the previous proposition, the short exact sequence of lightning flash modules from
Equation (3.2) induces a long exact sequence of the form

¨ ¨ ¨ Ñ Exts,f,wEp1q_
p

pLppkq, Lppmqq Ñ Exts,f,wEp1q_
p

pΣ2pp´1q,p´1Lppk ´ 1q, Lppmqq

d
ÝÑ Exts´1,f`1,w

Ep1q_
p

ppEp1qp{{Ep0qpq_, Lppmqq Ñ ¨ ¨ ¨
(5.8)

Recall that

Exts,f,wEp1q_
p

ppEp1q{{Ep0qq_
p , Lppmqq – Exts,f,wEp0q_

p
pΣ´2pp´1q,´pp´1qMF

p , Lppmqq

– MF
p rv0styu,

where |y| “ p´2pp´ 1q, 0,´pp´ 1qq. Consider the generator

Σ´2pp´1q,´pp´1qx P Ext´2pp´1q,0,0
Ep1q_

p
pΣ2pp´1q,p´1Lppk ´ 1q, Lppmqq

in degree p´2pp ´ 1q, 0, 0q. Note that the differential d preserves motivic weight, so either
dpxq “ vm´k

0 y or dpxq “ 0. Comparison with Exts,f,wEp1q_
p

pLppm` 1q, Lppm` 1qq, which we
computed in Proposition 5.19, implies that dpxq must be nonzero. Specifically, suppose
towards a contradiction that dpΣ´2pp´1q,´pp´1qxq “ 0. Then we will have an infinite v0-
tower in stem s “ ´p2p ´ 1q of Exts,f,wEp1q_

p

`

LFp pkq, LFp pmq
˘

for k “ m ` 1 and k “ m.
Combining this with the long exact sequence used in the inductive computation of Lemma 5.7
would imply Exts,f,wEp1q_

p
pLppm` 1q, Lppm` 1qq must also have an infinite v0-tower in odd

stem. But we already have already proven in Lemma 5.7 that no such tower exists. Thus
dpΣ´2pp´1q,´pp´1qxq “ vm´k

0 y. Since the map d is Exts,f,wEp1q_
p

`

MF
p ,MF

p

˘

– MF
p rv0, v1s-linear,

we get
dpcvn0Σ

´2pp´1q,´pp´1qx0q “ cvm´k`n
0 y

for all c P MF
p and n ě 0. It is clear from the stem degrees of the generators that no other

differentials can occur.
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To finish the proof, relabel Σ´2pp´1q,´pp´1qv1x as x and Σ´2pp´1q,´pp´1qy as yk´m`1. Finally,
note that the extensions v1yi “ v0yi`1 and v1τ

2yi “ v0τ
2yi`1 must occur for exactly the

same reasons as in the classical topological case (that is, by looking at the representatives
of v1yi and v0yi`1 in the chain complex computing Ext˚,1,˚

Ep1q_
p

pLppkq, Lppmqq). □

The case F “ R and p “ 2 is addressed in [LPT25a, Section 6], where charts are also given.
We record the result here for the reader’s convenience.

Proposition 5.21 ([LPT25a, Lemma 6.8]). Suppose F “ R and p “ 2. Then the group
Ext˚,˚,˚

Ep1q_
2

pLR
2 pkq, LR

2 pmqq when k ą m consists of:

(1) a triangle formation consisting of

Ext˚,˚,˚
Ep1q_

2

`

MR
2 ,MR

2

˘

ty0, . . . , ym´k´1u

with relations v1yi “ v0yi`1, v0y0 “ 0, and v1ym´k´1 “ 0 and

Ext˚,˚,˚
Ep1q_

2

`

MR
2 ,MR

2

˘ ␣

τ2y0, . . . , τ
2ym´k´1

(

with relations v1τ2yi “ v0τ
2yi`1, v

2
0τ

2y0 “ 0, and v1τ2ym´k´1 “ 0 where
|yi| “

`

´ 2pk ´m´ iq ´ 1, 0,´pk ´m´ iq
˘

,
(2) infinite ρ-towers generated in odd stem,
(3) a copy of v1 ¨ Ext˚,˚,˚

Ep1q_
2

pMR
2 ,MR

2 q, with generator denoted x and |x| “ p0, k ´m, 0q,

(4) ρ-pairs:
F2rρ, v1s

␣

v1b | vm´k´1
1 b “ ρx, ρ2b “ 0

(

,

where |b| “ p2pm´ kq ´ 1, 0, m´ k ´ 1q.

The following proposition is proven in exactly the same way as Proposition 5.20.

Proposition 5.22. Suppose F “ Fq where q ı 1 pp2q and charpFqq ‰ p. If k ą m, then

Exts,f,wEp1q_
p

pLppkq, Lppmqq – Exts,f,wEp1q_
p

pMF
p ,MF

p qtxu

‘ MF
p

$

’

’

&

’

’

%

y0, y1, . . . , yk´m

ˇ

ˇ

ˇ

ˇ

ˇ

v1yi “ v0yi`1,
v0y0 “ 0,
v1yk´m “ 0,
zv0 “ 0

,

/

/

.

/

/

-

‘B,

where |x| “ p0, k ´ m, 0q z “ ρ if p “ 2, z “ γ if p ą 2, and where B is as defined in
Proposition 5.19

Remark 5.23. While this case does not allow a description as a tensor product of the
classical with MF

p , it is not so different: we just require either the relation ρv0 “ 0 or
γv0 “ 0.

We now have all the pieces we need to analyze the relative Adams spectral sequence. To
expedite our computations, we note that at any prime and for F “ C, R, or Fq, the Ext-
group

Exts,f,wEp1q_
p

pLppkq, Lppmqq,
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excluding the summand B, is generated by monomials of the form cvi0v
j
1xℓ when k ď m with

c P MF
p . Likewise, when k ě m, the same Ext-group excluding the summand B is generated

by monomials of the form cvi0v
j
1x and cvi0v

j
1yℓ. Thus, we can describe any monomial in

Es,f,w2 “ Exts,f,wEp1q_
p

´

H
BPGLx1y
˚,˚

´

Σ2kpp´1q,kpp´1qBPGLx1yxνppk!qy
¯

, H
BPGLx1y
˚,˚ C

¯

as either b P B, or cvi0v
j
1z, where z is either Σ2pm´kqpp´1q,pm´kqpp´1qx, Σ2pm´kqpp´1q,pm´kqpp´1qxℓ,

or Σ2pm´kqpp´1q,pm´kqpp´1qyℓ.

Proposition 5.24. All differentials in the Adams spectral sequence

Es,f,w2 “ Exts,f,wEp1q_
p

´

H
BPGLx1y
˚,˚

´

Σ2kpp´1q,kpp´1qBPGLx1yxνppk!qy
¯

, H
BPGLx1y
˚,˚ C

¯

ùñ rΣ2kpp´1q,kpp´1qBPGLx1yxνppk!qy, CsBPGLx1y
s,w .

are determined by those in the Adams spectral sequence for BPGLx1y. Specifically, if z is
any of the generators described immediately above, then

dr

´

cvi0v
j
1z
¯

“ drpcqv
i
0v
j
1z.

for all c P MF
p .

Proof. We will first show that the summand B is neither the source nor the target of any
differential. Note that the BPGLx1y-module structures of BPGLx1yxνppk!qy and C induce a
pairing of relative Adams spectral sequences

Er pBPGLx1y, BPGLx1yq b Er

´

BPGLx1yxνppk!qy, C
¯

Ñ Er

´

BPGLx1yxνppk!qy, C
¯

.

Recall from Proposition 5.19 that the summand B is concentrated in filtration f “ 0, and
is generated over Exts,f,wEp1q_

p
pMF

p ,MF
p q by generators in odd stem s. Thus B is generated over

Mp by monomials of the form cb, where c P MF
p . Note that

c P E2pBPGLx1y, BPGLx1yq – Exts,f,wEp1q_
p

pMF
p ,MF

p q,

so we can use the pairing of spectral sequences to say

dr pcbq “ d1
r pcq b˘ cdr pbq ,

where d1
r is the differential in ErpBPGLx1y, BPGLx1yq. Note that d1

r is always either trivial
or v0 or v1-divisible, so d1

rpcqb “ 0. This leaves us with drpbcq “ cdrpbq. We will now show
drpbq “ 0 for all generators b of B.

Recall that the Adams differential dr has degree ps, f, wq “ p´1, r, 0q. Since the summand
B is concentrated in filtration f “ 0, no class in B can be the target of any differential.
Furthermore, the summand B is entirely v1-torsion, so there can be no differential from B
to a v1-torsion class in Es,f,wr . Finally, note that all v1-torsion classes in filtration f ą 0 are
in odd stem, and the Adams differential decreases stem by ´1. Thus any differential exiting
a generator of B must indeed be zero, and so B must consist solely of permanent cycles.

Now we are ready to use the pairing of Adams spectral sequence to analyze the rest of the
spectral sequence. Note that cvi0v

j
1 P E2pBPGLx1y, BPGLx1yq. The pairing of the Adams
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spectral sequences implies

dr

´

cvi0v
j
1Σ

2pm´kqpp´1q,pm´kqpp´1qx
¯

“ d1
r

´

cvi0v
j
1

¯

Σ2pm´kqpp´1q,pm´kqpp´1qx˘ cvi0v
j
1dr

´

Σ2pm´kqpp´1q,pm´kqpp´1qx
¯

,

where d1
r is the differential in ErpBPGLx1y, BPGLx1yq. Furthermore, recall that

d1
r

´

cvi0v
j
1

¯

“ d1
r pcq vi0v

j
1.

So if dr
`

Σ2pm´kqpp´1q,pm´kqpp´1qx
˘

“ 0, then

dr

´

cvi0v
j
1Σ

2pm´kqpp´1q,pm´kqpp´1qx
¯

“ d1
r pcq vi0v

j
1Σ

2pm´kqpp´1q,pm´kqpp´1qx,

and the same claim will hold if we replace x by xℓ or yℓ. We will now finish the proof
by showing that for any generator Σ2pm´kqpp´1q,pm´kqpp´1qx, Σ2pm´kqpp´1q,pm´kqpp´1qxℓ, or
Σ2pm´kqpp´1q,pm´kqpp´1qyℓ, the differential dr indeed acts trivially. This is almost exactly the
same as the proof that the classical analogue of this spectral sequence collapses, for example
[LPT25a, Section 2] presents this computation at p “ 2.

Recall that the elements Σ2pm´kqpp´1q,pm´kqpp´1qx and Σ2pm´kqpp´1q,pm´kqpp´1qxℓ generate
the v1-torsion free component over MF

p rv0, v1s, while the elements Σ2pm´kqpp´1q,pm´kqpp´1qyℓ
generate the v1-torsion component over MF

p rv0, v1s. We will start by showing that drpΣ2pm´kqpp´1q,pm´kqpp´1qyℓq “

0. First, recall that no nontrivial differentials can go from v1-torsion classes to v1-torsion
free classes. So any potential target will be a sum of v1-torsion classes, of the form
Σ2pm1

´kqpp´1q,pm1
´kqpp´1qcvi0v

j
1y

1
ℓ, where c P MF

p and ℓ1 P Z. Next, observe that all v1-torsion
generators Σ2pm1

´kqpp´1q,pm1
´kqpp´1qyℓ have degree

|Σ2pm1
´kqpp´1q,pm1

´kqpp´1qyℓ| “ p2pp´ 1qn´ 1, 0, nq

for some n P Z. Recall that the Adams differential dr has degree ps, f, wq “ p´1, r, 0q, so any
potential target must have degree p2pp ´ 1qn ´ 2, r, pp ´ 1qnq. Consider a potential target
Σ2pm1

´kqpp´1q,pm1
´kqpp´1qcvi0v

j
1y

1
l. Observe that this potential target will have degree

|Σ2pm1
´kqpp´1q,pm1

´kqpp´1qcvi0v
j
1yl| “ p2n1 ´ 1, r, n1q ` |c|

for some n1 P Z. So we need |c| “ p2a´ 1, 0, aq for some a P Z. No such monomial exists in
any MF

p , so indeed drpΣ2pm´kqpp´1q,pm´kqpp´1qyℓq “ 0.

Now we will show drpΣ
2pm´kqpp´1q,pm´kqpp´1qxq “ 0. First, we will show that no v1-

torsion-free class is a potential target, for degree reasons. This is exactly the same ar-
gument as we just gave above: Σ2pm´kqpp´1q,pm´kqpp´1qx has degree |x| “ p2n, 0, nq for
some n P Z. So any potential target must have degree p2n ´ 1, r, nq. But a poten-
tial target Σ2pm´kqpp´1q,pm´kqpp´1qcvm0 v

n
1 x or Σ2pm´kqpp´1q,pm´kqpp´1qcvm0 v

n
1 xℓ has degree

p2n1, r, n1q`|c| for some n1 P Z. So we need |c| “ p2a´1, 0, aq for some a P Z. No such mono-
mial exists in any MF

p . So there are no non-trivial differentials from Σ2pm´kqpp´1q,pm´kqpp´1qx
to any v1-torsion free class.

By the exact same argument, there are no non-trivial differentials from Σ2pm´kqpp´1q,pm´kqpp´1qxℓ
to any v1-torsion free class.

However, we still need to show that the v1-torsion classes cannot be potential targets of a
differential exiting a generator Σ2pm´kqpp´1q,pm´kqpp´1qx or Σ2pm´kqpp´1q,pm´kqpp´1qxℓ.
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The v1-torsion classes in filtration f ą 0 are of the form Σ2pm´kqpp´1q,pm´kqpp´1qcvi0v
j
1yℓ,

which only occur in stem s ď ´1 ´ 2pp´ 1q. Since
à

0ďkďm

Σ2pm´kqpp´1q,pm´kqpp´1q Exts,f,wEp1q_
p

pLppνppk!qq, Lppνppm!qqq

is contained entirely in stem s ě 0, it only remains to show that there are no differentials
originating in v1-torsion free generators of

à

kąm

Σ2pm´kqpp´1q,pm´kqpp´1q Exts,f,wEp1q_
p

pLppνppk!qq, Lppνppm!qqq,

which are of the form Σ2pm´kqpp´1q,pm´kqpp´1qx. Note that these generators are all in stem
´2n for some n P N, and so any potential target would be in stem ´2n ´ 1. Fix n ě 0.
We will put bounds on the Adams filtration of the classes in stem ´2n, and bounds on the
Adams filtration of classes in stem ´2n ´ 1. We will use these bounds to conclude that no
nontrivial differentials are possible.

The only v1-torsion free generator of Σ2pm´kqpp´1q,pm´kqpp´1q Exts,f,wEp1q_
p

pLppνppk!qq, Lppν2pm!qqq

is Σ2pm´kqpp´1q,pm´kqpp´1qx, in Adams filtration νppk!q ´ νppm!q. It follows that in
à

kąm

Σ2pm´kqpp´1q,pm´kqpp´1q Exts,f,wEp1q_
p

pLFp pνppk!qq, LFp pνppm!qqq,

the only generator in stem ´2n is Σ´2n,´nx, which has Adams filtration

νppk!q ´ νpppk ´ nq!q.

Now we will show that any v1-torsion class in stem ´2n´1 will have lower Adams filtration,
meaning that no differential from Σ´2n,´nx to such a class are possible.

Observe that in Exts,f,wEp1q_
p

pLppνppkqq, Lppνppm1!qqq, the highest filtration of any v1-torsion
class in stem ´1 ´ 2pp´ 1qp1 ` iq is νppk!q ´ νppm1!q ´ i´ 1. So in

Σ2pm1
´kqpp´1q,pm1

´kqpp´1q Exts,f,wEp1q_
p

`

Lppνppk!qq, Lppνppm1!qq
˘

,

the highest filtration of any v1-torsion class in stem ´1´ 2pp´ 1qp1` i` k´mq is νppk1!q ´

νppm1!q ´ i´ 1. Thus, at any stem ´2n´ 1, the highest filtration class in stem ´2n´ 1 in
8
à

m“0

Σ2pm1
´kqpp´1q,pm1

´kqpp´1q Exts,f,wEp1q_
p

`

Lppνppk!qq, Lppνppm1!qq
˘

will be in filtration νppk!q ´ νpppk ´ n ` 1q!q ´ 1. So no v1-torsion classes can be the tar-
get of a differential exiting Σ´2n,´nx, and indeed drpΣ

2pm´kqpp´1q,pm´kqpp´1qxq “ 0 and
drpΣ

2pm´kqpp´1q,pm´kqpp´1qyiℓq “ 0 for all ℓ. □

We may now prove our main theorem.

Theorem 5.25. For any prime p and for any F P tC,R,Fqu where charpFqq ‰ p, there is
a splitting of p-complete motivic spectra:

BPGLx1y ^BPGLx1y »
ł

kě0

Σ2kpp´1q,kpp´1qBPGLx1yxνppk!qy _ V,

where BPGLx1yxνppk!qy is the νppk!qth Adams cover of BPGLx1y and V is a wedge of sus-
pensions of H.
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Proof. Recall that by construction, |θk| “ p0, 0, 0q is the class x0 P Ext0,0,0Ep1q_
p

pLppkq, Lppkqq.
By Proposition 5.24, drpx0q “ 0, and so θk survives the spectral sequence. Thus we have
constructed maps

rθk : BPGLx1yxνppk!qy Ñ C,

yielding a splitting
ł

kě0

Σ2kpp´1q,kpp´1qBPGLx1yxνppk!qy _ V
»

ÝÑ C _ V
»

ÝÑ BPGLx1y ^BPGLx1y.

□

Remark 5.26. For p “ 2, this gives a splitting of the cooperations algebra for effective
algebraic K-theory, recalling that a model for BPGLx1y is kgl:

kgl ^ kgl »
ł

kě0

Σ2k,kkglxν2pk!qy _ V.

This extends the splitting for F “ R shown in [LPT25a].

Remark 5.27. Classically, there is a spectrum-level decomposition of theBP x2y-cooperations
algebra [Cul19; Cul20]

BP x2y ^BP x2y » C _ V,

where C is v2-torsion-free and V is a sum of suspensions of HFp. One approach to under-
standing BPGLx2y ^ BPGLx2y is to lift Culver’s result to the motivic context. There is
certainly a splitting BPGLx2y ^BPGLx2y » C_V where V is a sum of suspensions of the
motivic mod-p Eilenberg-Maclane spectrum. The summand C should also consist of mostly
v2-torsion, but the presence of ρ, u, or γ-towers slightly complicates things. Culver also
gives an inductive algorithm for computing the E2-page of the Adams spectral sequence

Exts,fEp2q_
p

pFp, H˚pBP x2y ^BP x2yqq ùñ πspBP x2y ^BP x2yq,

and shows that this spectral sequence collapses at the E2-page. We expect that this result
readily adapts to the motivic setting as well, with the only modification being that the
spectral sequence may not collapse, rather all differentials are determined by those in the
Adams spectral sequence for BPGLx2y, just as in the height one case.

5.5. Related Results. One immediate consequence of our computations in the previous
section is that these Adams covers are uniquely determined (up to homotopy) by their
homology.

Theorem 5.28. If X is a BPGLx1y-module spectrum such that HBPGLx1y
˚,˚ pXq – Lppkq,

then X » BPGLx1yxny.

Proof. Consider the BPGLx1y-relative Adams spectral sequence

Es,f,w2 “ Exts,f,wEp1q_
p

pH
BPGLx1y
˚,˚ X,H

BPGLx1y
˚,˚ BPGLx1yxnyq ùñ rX,BPGLx1yxnys

BPGLx1y

ps,wq
.

The E2-page can be rewritten as Exts,f,wEp1q_
p

pLppkq, Lppkqq, and we can view the identity

map Lppkq Ñ Lppkq as a class in E0,0,0
2 . This is a summand of the spectral sequence we

analyzed in Proposition 5.24 and Theorem 5.25, and by the analysis we gave there the class
representing the identity map must survive the spectral sequence. So indeed this map lifts
to an equivalence of BP x1y-module spectra X Ñ BPGLx1yxνppkqy. □
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Our computations also yield a description of the BPGLx1y operations algebra.

Theorem 5.29. The BPGLx1y-operations algebra rBPGLx1y, BPGLx1ys splits as

rBPGLx1y, BPGLx1ys »

8
à

k“0

rΣ2kpp´1q,kpp´1qBPGLx1yxνppk!qy, BPGLx1ysBPGLx1y.

Furthermore, the Adams spectral sequence computing rBPGLx1y, BPGLx1ys has signature

Es,f,w2 –

8
à

k“0

ExtEp1q_
p

pΣ2kpp´1q,kpp´1qLppkq,MF
p q ùñ rBPGLx1y, BPGLx1ys.

All differentials in this Adams spectral sequence are determined by those in the Adams spec-
tral sequence computing π˚,˚BPGLx1y, and Proposition 5.20, Proposition 5.21, and Propo-
sition 5.22 compute the relevant Ext groups.

Proof. Observe that

rBPGLx1y, BPGLx1ys » rBPGLx1y ^BPGLx1y, BPGLx1ysBPGLx1y,

so applying Theorem 5.25 yields the splitting. For each k, the relative Adams spectral
sequence

Es,f,w2 – Exts,f,wEp1q_
p

pΣ2kpp´1q,kpp´1qLppkq,MF
p q ùñ rΣ2kpp´1q,kpp´1qBPGLx1yxνppk!qy, BPGLx1ys

is just the m “ 0 summand of the spectral sequence discussed in Proposition 5.24, and so by
the same reasoning as in that proof, all differentials are determined by those in the Adams
spectral sequence computing π˚˚BPGLx1y. □

5.6. Application to the BPGLx1y-motivic Adams spectral sequence. In this final
section, we apply our results to describe the E1-page of the BPGLx1y-based motivic Adams
spectral sequence. Recall from Section 2.2 that the BPGLx1y-based motivic Adams spectral
sequence takes the form

E1 “ πFs`f,wpBPGLxny ^BPGLxny
^f

q ùñ πFs,wSppq.

We can compute each filtration f “ n-piece of the E1-page by a motivic Adams spectral
sequence taking the form

E2 “ Exts,f,wA_
p

´

Mp, H˚,˚pBPGLx1y ^BPGLx1y
^n

q

¯

ùñ πFs,wpBPGLx1y^BPGLx1y
^n

q.

We begin by describing the E2-page of this spectral sequence. First, we make some more
general observations.

Lemma 5.30. There is an isomorphism of Epnq_-comodules

H˚,˚pBPGLxnyq –
à

kě1

Σ2kpp´1q,kpp´1qBn´1pkq.

Proof. The cofiber sequence S Ñ BPGLxny Ñ BPGLxny gives a long exact sequence in
homology. Since H˚,˚pBPGLxnyq –

À

kě0 Σ
2kpp´1q,kpp´1qBn´1pkq by Proposition 3.2 and

H˚,˚pSq “ Mp “ Bn´1p0q, the result follows. □

Lemma 5.31. There is an isomorphism of A_
p -comodules

H˚,˚pBPGLxny ^BPGLxny
^f

q – H˚,˚pBPGLxnyq bH˚,˚pBPGLxnyqbf .
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Proof. This follows by a similar analysis as was performed in Proposition 3.3. We induct
on f . For f “ 1, consider the Künneth spectral sequence

E2 “ TorMppH˚,˚pBPGLxnyq, H˚,˚pBPGLxnyqq ùñ H˚,˚pBPGLxny ^BPGLxnyq.

Since H˚,˚pBPGLxnyq is free over Mp, the spectral sequence collapses and the result follow.
Suppose now this is true for all f up to k ´ 1, and consider the Künneth spectral sequence

E2 “ TorMppH˚,˚pBPGLxny ^BPGLxny
^k´1

q, H˚,˚pBPGLxnyqq

ùñ H˚,˚pBPGLxny ^BPGLxny
^k

q.

By induction, we have a Künneth isomorphism on the left hand factor in Tor. By Lemma 5.30,
H˚,˚pBPGLxnyq is free over Mp, so the spectral sequence collapses. The result follows. □

We now specialize to BPGLx1y.

Proposition 5.32. The E2-page of the mASSFp pBPGLx1y^BPGLx1y
^f

q may be rewritten
as

Es,f,w2 “
à

IPIn

Σ2|I|pp´1q,|I|pp´1qExts,f,wEp1q_
p

pMp, LppνppI!qqq ‘W,

where In “ tI “ pk1, . . . , knq : kj ě 1 for all 1 ď j ď nu, |I| “ k1 ` ¨ ¨ ¨ ` kn, and
LppνppI!qq “ Lppνppk1!qq b ¨ ¨ ¨ b Lppνppkn!qq, and W is a sum of suspensions of Mp in
filtration 0.

Proof. By the Künneth isomorphism of Lemma 5.31 and the change-of-rings isomorphism,
we may rewrite the E2-page as

Exts,f,wEp1q_
p

pMp, H˚,˚pBPGLx1yqbnq.(5.9)

Lemma 5.30 and Proposition 3.16 supply us with isomorphisms of Ep1q_
p -comodules

H˚,˚pBPGLx1yq –
à

kě1

Σ2kpp´1q,kpp´1qB0pkq –
à

kě1

Σ2kpp´1q,kpp´1qLppνppk!qq ‘Wk,

where Wk is a sum of suspensions of Ep1q_
p . Using this to replace the first factor of

H˚,˚pBPGLx1yq in Equation (5.9), we can rewrite the E2-page again as
à

k1ě1

Σ2k1pp´1q,k1pp´1qExts,f,wEp1q_
p

pMp, Lppνppk1!qq bH˚,˚pBPGLx1yqbn´1q ‘W1,

where W1 is a sum of suspensions of Mp in filtration 0. By repeating this process, each time
rewriting the tensor factors of H˚,˚pBPGLx1yq, we arrive at

à

IPIn

Σ2|I|pp´1q,|I|pp´1qExts,f,wEp1q_
p

pMp, LppνppI!qqq ‘W,

where In “ tI “ pk1, . . . , knq : kj ě 1 for all 1 ď j ď nu, |I| “ k1 ` ¨ ¨ ¨ ` kn, and
LppνppI!qq “ Lppνppk1!qq b ¨ ¨ ¨ b Lppνppkn!qq, and W is a sum of suspensions of Mp in
filtration 0. □

The proof of Theorem 5.10 then allows us to compute the homotopy of the n-line of the
BPGLx1y-motivic Adams spectral sequence.
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Corollary 5.33. Let F P tC,R,Fqu, where charpFqq ‰ p. Then there is an isomorphism
for all primes p:

πF˚,˚pBPGLx1y ^BPGLx1y
^n

q –
à

IPIn

ppπF˚,˚BPGLx0qytx0, . . . , xm´1u

‘pπF˚,˚BPGLx1yqtxmu ‘WIq,

where m “ νppk1!q ` ¨ ¨ ¨ νppkn!q for I “ pk1, . . . , knq, and WI is a sum of suspensions of Mp.

This determines the E1-page of the BPGLx1y-based motivic Adams spectral sequence as
a module over π˚˚BPGLx1y. To conclude, we observe that our spectrum-level splitting of
the cooperations algebra lifts to describe the entire n-line.

Proposition 5.34. There is an equivalence of p-complete spectra:

BPGLx1y ^BPGLx1y
^n

»
ł

IPIn

Σ2|I|pp´1q,|I|pp´1qBPGLx1yxmy _ V,

where m “ νppk1!q ` ¨ ¨ ¨ ` νppkn!q for I “ pk1, . . . , knq, and V is a wedge of suspensions of
H.

Proof. By the same proof as in Proposition 5.14, we can produce a splitting

BPGLx1y ^BPGLx1y
^n

» C _ V,

where V is a wedge of suspensions of H and

H
BPGLx1y
˚,˚ C –

à

IPIn

Σ2|I|pp´1q,|I|pp´1qLppmq,

where m “ νppk1!q ` ¨ ¨ ¨ ` νppkn!q. By uniqueness of Adams covers shown in Theorem 5.28,
it follows that C » BPGLx1yxmy. □

We expect this spectrum-level decomposition will be useful in determining differentials in
the BPGLx1y-motivic Adams spectral sequence. In particular, this decomposition is used
in the analysis of the classical ko-and BP x1y-Adams spectral sequences [Bea+20; Gon00],
and we plan to adapt those strategies to the motivic setting.
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