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Motivic Homotopy Theory It’s not really that bad!

“Homotopy theory of schemes” Yoneda embedding
Smp ——» Spc,. =1, NisFun(Sm;p, &) Smp & Spc,.
Constant functor
Presheaves of spaces satistying S - Spc,
Nisnevich descent and A - invariance
invert A P!
Pl ~ ST A G, -_— Stable motivic homotopy theory
Bigraded homotopy groups SH(F)
S5 = (SHMW A (G, ) Stable symmetric monoidal category

7 X =[5, X] a1 Z[anPeC(F) := S motivic sphere spectrum

Goal: understand 7£.S



What do we know? Morel (2000s): = S ~ KMW(F) _
RSO (2010s): S and 7*

n+1 n n+2, n

ﬂ* 0 g C _Arithmetic alert!

BBX 2025 . (ﬂgwggﬂ) ~ ( syn ® KMW(F))AJ
<T0po|ogy alert!

Levine (2010s): ﬂfOS TS How can we organize mk Se

WD (2010s): 7 q§[p_1] ~ 7. S[p~1]

The motivic Hopf map 7 € 7} ;S is non-nilpotent. Chromatic homotopy theory!




° ° o F
Periodic elements in 7..S There is a non-nilpotent map

F
Take the element 2 € Z C 7T, 0 Vf . Y845/ 5§/
2 >
® >» @ >
S S S/2 We can use this to find elements in 7-.S!

e o ° F
‘»:> (vt All nontrivial elements in 71'8n_1,4n§ Refined Godl:

understand the v,-periodicity

8n,4n 1,0
IS S ZS of 7L S



The Adams spectral sequence

wF(E® E) Machine that turns hard problems into annoying problems
Ring of Ef’f’w = erif’w(E R E¥) = xS
cooperations ﬂ

E, = Ext;(M,, His(E ® E®))

Different E see different parts of 75, S Bootstrap up from 7:.(E @ E)

Choose E that sees v,-periodic part of 7;.S! To compute the E;-page of the

E-based Adams spectral sequence



Two good choices of E: Theorem (M. 2025)
Computed the ring of cooperations | Explicit description of

mi(kqg ® kq) E,-page of

kq - Hermitian K-theory

BPGL{1)- Truncated
Brown-Peterson tor F € {R, [, } at the prime 2. kg-based Adams SS.

Theorem (M.-Petersen-Tatum 2025)
Computed the ring of cooperations | Explicit description of

mh(BPGL{1) @ BPGL(1)) E,-page of Look at kg

Picture Timel

over [

tor F € {C,R,[F, } atall primes.  [BPGL(1)-based Adams SS.



The homotopy groups z. (kg)
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The ring of cooperations . }(kq ® kq)
Each color is a

20 different summand
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, Each summand consists of:
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; 7,.2(kq)
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¥ 3 /
) n.HZ"s
(and variants)

0 B e
w2 HI

0 8 16 24 32 40 (and variants)

7F(kg)module structure This is computable/understandable!

Each summand is built upon 7, 2(kg)



The £ -page of the E-Adams SS (for E € {kq, BPGL(1)})

These are the algebraic

cormmards from beforel ESMY = ExtY(M,, HuE @ E®") = ' (E ® E®")

~ @D =X Ext; (M, By(K))
Just bookkeeping. ot

Finite free HIF-module
For BPGL(1), we can say more. \\ Thm (M, MPT 2025)

Thm (MPT 2025)

Computed the E;-page

There is an equivalence of the F-Adams SS as

BPGL(1) ® BPGL(1) ~ @ =**BPGL(1)"»* @ V
k>0

vp(k!)th Adams cover\J

a module over 7+ E.



What’s next?

Determine the v -periodicity of k'S

Run the kg and BPGL(1)-based Adams SS

Extend results to other base schemes

Pullback square of Bachmann-Qstvaer

(F ® E)(Z[lﬁZ]) —+ (£ ® E)(R)

Y

(E ® E)(Fs) — (E ® E)(C)

Determine exotic periodicity in ;.S

Use other E-based Adams SS
C,-equivariant periodicity

R-motivic computations are the “positive cone”
of analogous C,-equivariant computations

Motivic height 1 telescope conjecture

This work is a motivic analogue of
Mahowald’s seminal work on bo-resolutions



THANK YOU!

Morel (2004), M. (2025),

On the motivic i, of the sphere spectrum

On the ring of cooperations for real

Rondigs-Spitzweck-Dstvaer (2019), Hermitian K-theory
The first stable homotopy groups of motivic spheres M. (2025)
Rondigs-Spitzweck-Dstvaer (2024), Rings of cooperations for Hermitian

The second stable homotopy groups of motivic spheres

Bachmann-Burklund-Xu (2025),

Motivic stable stems and Galois approximations

K-theory over finite fields
M.-Petersen-Tatum (2025),

. . Splittings of truncated motivic Brown-Peterson
of cellular motivic categories

Levine (2014),

A comparison of motivic and classical stable

cooperations algebras

Bachmann-Ostvaer (2022),

homotopy theories Topological models for stable motivic invariants
Wilson-Ostvaer (2017), of regular number rings
Two-complete stable motivic stems over Mahowald (1981),

finite fields bo-resolutions



