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1. INSTRUCTIONS

As a final project for this course, you will write an expository paper on one of the topics listed below (or,
if you have an idea not listed, come talk to me). I will continually update this list of topics throughout the
quarter. I have also tried to sort the projects by their flavor, either algebraic, topological, or categorical. This
sorting is entirely subjective, and each project can certainly have elements of all flavors.

The guidelines for this project are simple:

• At least 10 pages of mathematical writing.
• Typeset in LaTeX.
• A balance of mathematical content (lemmas, propositions, theorems, corollaries, and their proofs)

along with tasteful discussion (why should we care about this topic, what is the big picture, where
does this topic fit into the grand scheme of homotopy theory, etc).

Before getting started, be sure to come and okay your topic with me. I will schedule one-on-one meetings
with everybody at least once over the course of the quarter. If you have any questions, feel free to reach out
to me at any time.

1



2

2. TOPICS

Here are some potential topics for final projects. Remember, these are only suggestions, and this list is a
work in progress! You are welcome to write about any topic you want, so long as you confirm it with me.

2.1. More of a ∼topology∼ flavor.

Configuration spaces. Let X be a topological space and let X n := X ×·· ·×X n-times. The ordered configura-
tion space Confn(X ) is the set of all pairwise distinct collections of n points in X :

Confn(X ) = {(xi ) ∈ X n : xi ̸= x j for all i ̸= j }.

Note that this space has a natural permutation action by the symmetric group, denoted here as Σn . The
unordered configuration space UConfn(X ) is the orbit space of this group action:

UConfn(X ) = Confn(X )/Σn .

For example, for any two points x1, x2 ∈ X , the sequences (x1, x2) and (x1, x2) are distinct points in Conf2(X );
however, there is a transposition (12) ∈Σ2 which acts by on our sequence by (x1, x2) 7→ (x2, x1), hence they
are in the same orbit and thus represent the same point in UConf2(X ).

Configuration spaces are very useful in homotopy theory in many ways. Here are a few of them.

• The fundamental groups of the ordered and unordered configuration space on n elements are the
n-strand braid group and the pure n-strand braid group. Braid groups come up a lot in physics,
TQFTs, representation theory, and knot theory.

• The configuration space Confn(R2) and UConfn(R2) are examples of Eilenberg–MacLand spaces of
type K(π,1).

• Configuration spaces are a type of moduli space.

Here is a nice article: https://arxiv.org/pdf/1911.11186.

Universal covers and covering spaces. Something very useful in computing π1(S1) was the existence of
a continuous surjection p : R→ S1. The properties that were nice were that R was connected and locally
path-connected and contractible, and that every point x ∈ S1 had some open neighborhood U such that the
preimage p−1(U ) ⊆Rwas a disjoint union of open sets in R, each of which was homeomorphic to U .

The map p : R→ S1 along with these properties describes p as a covering map. More generally, we can
talk about covers q : E → X of arbitrary topological spaces. these share all of the same properties as the map
p :R→ S1 apart from the fact that we don’t require E to be contractible. Some really cool things come into
the theory of covering spaces:

• For any point x ∈ X in the base space, the fundamental group π1(X , x) acts transitively on the fiber
q−1(x). This action is known as themonodromy action.

• If X is simply connected, then q is a homeomorphism.
• For n ≥ 2, the induced map q∗ :π1(E , q−1(x)) →π1(X , x) is an isomorphism.
• Every connected and locally path-connected space admits a covering map from some simply con-

nected space X̃ . This is known as the universal cover.
• If X admits a universal over, then there is a one-to-one correspondence between conjugacy classes

of subgroups of π1(X ) and isomorphism classes of covers E → X .

Cobordism of manifolds. A manifold of dimension n is a topological space M which is second-countable,
Hausdorff, and such that for every point p ∈ M , there is an open neighborhood U of p which is homeomor-
phic to an open subset of Rn . So, locally, M looks like Euclidean space, but it may have some interesting
global structure. For example, the torus T= S1 ×S1 is a 2-manifold, the sphere Sn is an n-manifold, the Klein
Bottle is a 2-manifold. A closed manifold is a manifold which is compact and without boundary. All of the
examples I gave are closed manifolds.

Let M , N be two closed n-manifolds. A cobordism between M and N is an n +1-dimensional compact
manifold W with boundary such that:

• there are embeddings i : M → ∂W and j : N → ∂W ;

https://arxiv.org/pdf/1911.11186
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• the boundary of W consists of two disjoint copies of M and N and nothing else:

∂W = i (M)⨿ j (N ).

Here is a picture of a cobordism.

FIGURE 1. The pair of pants manifold (which is a 2-manifold) is a cobordism between the
top red circle M = S1 (which is a 1-manifold) and the bottom red circles N = S1 ⨿S1 (which
is a 1-manifold.

In this way, you can kind of think of the (n +1)-manifold as parameterizing a way to continuously go from
M to N in a way that is different than a homotopy. In the example we just gave, M and N are not homotopy
equivalent, but the do have a cobordism between them. We say that M and N are cobordant.

Cobordisms are really, really useful in homotopy theory.

• One can ask for the manifolds M and N to have structure and for a cobordism W between them to
respect this structure. This leads to oriented cobordism, complex cobordism, framed cobordism,
unoriented cobordism, and more and more.

• Cobordism defines an equivalence relation on the set of all n-dimensional manifolds. We denote the
set of cobordism classes of n-manifolds byΩn . In fact,Ωn forms a group under connect sum. More
interestingly, if we clue together all dimensions, the resulting graded abelian group

Ω∗ = ⊕
n≥0

Ωn

is a ring! These rings are well studied, sometimes have an incredible interpretation, and sometimes
have an unknown answer.

• Cobordism is very related to surgery theory.
• Cobordism is very related to TQFTs (in fact, are used in the definition of a TQFT!).

Group actions on spaces. In this course, we have studied the homotopy theory of topological spaces.
However, there are many other objects whose “homotopy theory" we may study. A particular example that
occurs very frequently is the homotopy of equivariant topological spaces, otherwise known as equivariant
homotopy theory. This is the homotopy theory of topological spaces equipped with the action of a group G .

A group action of G on a space X is a map G ×X → X such that

• g1 · (g2 · x) = (g1g2) · x for any elements g1, g2 ∈G , and
• e · x = x for every x ∈ X , where e ∈G is the identity element.

Notice that it doesn’t make sens to ask for the action to be continuous unless we are requiring G to be a
topological group.

Examples of group actions on spaces are not hard to come by. One should think of group actions as
encoding some sort of symmetry of your space.

• Any group G acts trivially on any space X : just define the action to be g · x = x for any g ∈G .
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• The cyclic group of order two C2 acts on any sphere Sn by

γ · x =−x,

where γ is the nontrivial element. This is the action which sends each point to its antipode.
• The symmetric group on n elements Σn acts by permutation on any set with n-elements. In this way,
Σn acts on Euclidean space Rn by permutating the standard basis. The one point compactification
of Rn is the sphere Sn , and the action of Σn lifts to an action on Sn .

• More generally, let V be any real vector space with an action of a group G . For example, we could take
V to beR3 with the action of the cyclic group C3 given by γ·(x, y, z) = (z, x, y) and γ2 ·(x, y, z) = (y, z, x).
The one point compactification of V is, as a nonequivariant topological space, homoemorphic to
a sphere Sn . However, the action of G lifts to an action on Sn , which is far different than the trivial
action on Sn which always exists. Thus, to indicate that the one point compactification of V is
equivariantly different from Sn , we denote this space by SV . This is known as a representation sphere,
as V is an example of a representation of the group G .

If we are working with spaces with extra structure, such as equivariant spaces, we want morphisms which
respect this structure. A map of G-spaces then is a continous map of spaces f : X → Y such that

g · f (x) = f (g · x).

In other words, the map commutes with the action.
Equivariant topology and equivariant homotopy theory have been hot topics in research for many years,

and they are amenable to study from a variety of perspectives. For example, there is a slick interpretation
of the category TopG of G-equivariant spaces in the following way. There is a category OG known as the
orbit category, whose objects are the cosets G/H where H is a subgroup of G (not necessarily normal!), and
whose morphisms are just G-equivariant maps. One can imagine a G-equivariant space as the image of some
functor OG →Top, i.e some space X where one can act by G and al of its subgroups in a compatible fashion.
A famous theorem known as Elmendorf’s thereom says that this is a great way to think about things: at the
level of homotopy theory, the functor category Fun(OG ,Top) is equivalent to TopG .

Even if you don’t want to do any category theory, there are so many cool things to do in equivariant
topology.

Exotic spheres. Another interesting place where equivariant homotopy theory arises is in the study of exotic
spheres. The standard sphere Sn ⊆ Rn+1 has a standard smooth structure induced by the usual smooth
structure on Rn+1 (i.e. the one we use when we do calculus and stuff). This sphere has a continuous, even
smooth, action by the orthogonal group O(n +1) which is naturally induced by the orthogonal group on
Rn+1: the linear transformations in the orthogonal group are maps from Rn+1 →Rn+1 which preserve length,
hence restrict to maps Sn → Sn . This orthogonal group action is some way of telling us that the sphere Sn is
really really symmetric. Which, I mean, it’s a sphere, so yeah.

A map of smooth manifolds M → N is a diffeomorphism if it is a homeomorphism of topological spaces
which also induces isomorphisms on the smooth structures of M and N . An exotic sphere is a smooth
manifold Σwhich is homeomorphic to Sn , but is not diffeommorphic to Sn . It may seem surprising that such
spaces even exist, and indeed it is not obvious. However, Milnor created an exotic 7-sphere, and many more
soon followed.

An obvious question now is: what type of groups act continuously or smoothly on exotic spheres? How
symmetric are these spaces? The answer is: we don’t really know! There is a lot of work from the 60s on this
problem, which is very topological and hands on. There is some more recent work on this problem that is
exceptionally algebraic.

Lie groups and Lie algebras. A Lie group is a group object in the category of smooth manifolds. That is to
say, a Lie group is some smooth manifold G , meaning it is locally homeomorphic to Rn and has a compatible
differentiable structure, and there are multiplication and inverse maps

m : G ×G →G , i : G →G
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which are smooth maps of manifolds. Lie groups frequently show up as the group of symmetry of some
object, and one should typically picture a Lie group as some large manifold like the orthogonal group or the
unitary group.

Because of their rich topological structure, the representation theory of Lie groups is very interesting.
For instance, any smooth manifold has tangent space at any point, which is some vector space isomorphic
to Rn . If G is a Lie group and e ∈G is the identity element, then the tangent space TeG of the Lie group at
the identity is more than just a vector space: it also has a multiplication and an aditional structure called a
bracket. Together, this tells us that TeG forms a Lie algebra. The Lie algebra associated to a Lie group gives
one many tools for solving questions in representation theory.

James splitting. Useful constructions on based spaces are the loop spaceΩX , the suspension ΣX , and the
smash product X ∧Y . There are various ways in which these operations fit together. The James splitting
is an interpretation of iterating these operations. Namely, if X is a connected based space, then there is a
homotopy equivalence

ΣΩΣX ≃ ∨
i≥0
ΣX ∧i .

This says that if I suspend, take loops, then suspend again, up to homotopy I end up with a space that is built
out of essentially disjoint components, and that these components may be interpreted as iterated smash
powers of ΣX with itself.

• If X = S1,then ΣS1 ≃ S2, hence the James splitting gives a homotopy equivalence

ΣΩS2 ≃ ∨
i≥0

(S2)∧i .

This is, to me, shocking and confusing. This splitting has many effects on algebraic topology and illustrates
how our simple operations on based spaces can be seen as the building blocks for all based spaces.

Vector bundles and K-theory. A vector bundle of rank n over a space X is a space E with a continuous
surjection p : E → X such that:

• for every point x ∈ X in the base space, the fiber p−1(x) ⊆ E has the structure of a vector space of
dimension n;

• for every point x ∈ X in the base, there is some open neighborhood U of x with a homeomorphism

U ×Rn → p−1(U ).

Vector bundles are an example of a fiber bundle, where the fibers are all vector spaces.

• There are two categories (if not more) we can consider here: the category Bun of vector bundles over
any topological space with compatible morphisms, or the category Bun(X ) of vector bundles over a
fixed base space X .

• One may consider sections of vector bundles: these are continuous maps s : X → E which act as
partial inverses to p. If one lets F (U ) denote the collection of all sections on an open subset U ⊆ X ,
then one can easily define a vector space structure on F (U ). As we vary along all open subsets on X ,
the collection {F (U )} forms a sheaf .

• To any manifold M , one may form its tangent bundle T M , where the fiber over any point p ∈ M is
simply the tangent space Tp M . A section of the tangent bundle is known as a vector field.

• If E and E ′ are two vector bundles over a space X , then one may form their direct sum E ⊕E ′ → X ,
where the fibers are just the direct sum of the respective vector spaces. Similarly, there is a tensor
product E ⊗E ′ of vector bundles, where the fibers are just the tensor product of the respective vector
spaces.

The collection of (isomorphism classes of) vector bundles over X forms a monoid under direct
sum: there is a trivial vector bundle over any space, and we can sum vector bundles, but we do
not have inverses (there are no negative rank vector bundles). However, we may “formally adjoin
inverses" in the same way that we formally adjoining negative numbers to the monoid of natural
numbers N to get the group of integers Z. The group completion of the isomorphism classes of
vector bundles over a space X , at least when X is nice enough, forms a group called the K-theory
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K0(X ). Under tensor product of vector bundles, this group becomes a ring. K-theory is a key figure
in homotopy theory, and behaves in some ways like cohomology, and in other ways like a strange
twisted periodic untouchable thing. For example there is the famous Bott Periodicity in higher
K-theory,

K0(S2) = K2(S2).

2.2. More of an ∼algebra∼ flavor.

Homology and cohomology. In addition to homotopy groups, there is a more algebraic invariant of topolog-
ical spaces known as homology. The homology groups Hn(X ) of a space are usually easier to calculate than
homootpy groups. Determining them involves a lot of hoomological algebra: diagrams of abelian groups
which one passes elements through, often using the snake lemma or five lemma.

Dually, there is the notion of cohomology Hn(X ). These groups carry more complicated structure than
homology groups (see the next project, for example).

The computation of homology and cohomology is the natural next step to go in for learning computational
methods in algebraic topology. Working with chain complexes is a quintessential tool in any algebraic area of
mathematics, and there are a plethora of fun computations to make.

There is also direct connection with the homotopy theory we have been discussing. A Theorem which we
have omitted from our course is the Hurweicz Theorem: for any path connected space X , there is a group
homomorphism

hn :πn(X ) → Hn(X )

with some excellent properties:

• If π1(X ) is nonzero, then the map

h1 :π1(X ) → H1(X )

has kernel [π1(X ),π1(X )]. In other words, the first homology group is the abelianization of the
fundamental group.

• If the first nonzero homotopy group of X is πn(X ) for n ≥ 2, then:
– For i < n, the Hurewicz maps

hi :πi (X ) → Hi (X )

is an isomorphism. Thus in the degrees that the homotopy groups of X vanish, so too do the
homology groups.

– The Hureweicz map

hn :πn(X ) → Hn(X )

is also an isomorphism. Thus the first nontrivial homotopy group is the same as the first
nontrivial homology group.

– The Hurewicz map

hn+1 :πn+1(X ) → Hn+1(X )

is a surjection.

Mayer–Vietoris. A useful tool for computing the fundamental group is the Van–Kampen theorem. This
allows one to compute π1(X ) in terms of π1(U ) and π1(V ) for sufficiently nice subspace U and V . Another
useful invariant in algebraic topology are homology groups. The Mayer–Vietoris sequence is an analogue of
Van–Kampen for homology. Namely, if A and B are nice subspaces of X , then there is a long exact sequence
in homology

· · ·→ Hn+1(X ) → Hn(A∩B) → Hn(A)⊕Hn(B) → Hn(X ) →···
This is an incredibly useful tool for computing homology groups. And by compute, I mean actually do some
homological algebra. For instance, the Mayer–Vietoris sequence can be used to compute the homology of
projective space, the Klein bottle, the Torus, and more! It is also very generalizable.
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Topological data analysis. Suppose one is working in the real world, that there is some real problem that one
would like to solve. Suppose as well that one way to solve this problem involves a lot of sampling, resulting in
some data set. If this is a question with n parameters, we can view this data set as a collection of points in Rn .
What can we say about the “shape" of this point cloud, and what does this imply about the answer to our
question?

Solving this questions is one of the tasks of the relatively new field of topological data analysis. The point
of TDA is to take a point cloud, find a way to associate a topological space to it in a reasonable way, and study
this space’s properties. For example, what are the homotopy groups of this space, and what does this tell us
about the data set? A key tool in TDA is persistent homology, a tactile way to measure features of a data set.

There are so many places where TDA has been used in the real world that it seems a little silly to list them
all here. Here is a place to read about some of the backbones of TDA: T D ANotes.

The Steenrod algebra. Homotopy groups are a useful invariant of spaces, but often they are hard to compute.
A more algebraic gadget that can be more tractable is known as cohomology. For any space X and any choice
of coefficients, for us a ring R , there are cohomology groups Hn(X ;R) for all n ≥ 0. These groups are naturally
R-modules. Moreover, the graded abelian group

H∗(X ;R) = ⊕
n≥0

Hn(X ;R)

for a ring! This is one of the ways in which cohomology is useful: if X ≃ Y , then not only must Hn(X ;R) ∼=
Hn(Y ;R) for every n, there must also be an isomorphism of rings H∗(X ;R) ∼= H∗(Y ;R).

Let’s work with simple coefficients, like R = F2, so that every cohomology group is a vector space over F2.
It turns out that not only is the cohomology ring H∗(X ;F2) a module over F2, it is also a module over a more
complicated, delicate, and interesting object called the Steenrod algebra A. This is an infinite dimensional
algebra which serves a central role in homotopy theory.

• The construction of the Steenrod algebra arises from looking at natural transformations of cohomol-
ogy functors

Hn(−;F2) =⇒ Hm(−;F2).

• If X ≃ Y , then in addition to what I mentioned above, we must also have that H∗(X ;F2) ∼= H∗(Y ;F2)
as modules over the Steenrod algebra.

• Deducing the action of the Steenrod algebra on the cohomology of a space is a fun, often combinato-
rial game.

• The Steenrod algebra is an example of a Hopf algebra.

2.3. More of a ∼Category Theory∼ flavor.

Model categories. We have studied the category of topological spaces via homotopy theory. There are other
mathematical objects, hence other categories, which we would like to study via homotopical methods. What
can we identify in Top as the key “homotopical" features? This is the question that a model category tries to
solve.

Given a category C, a model structure on C consists of three distinguished families of morphisms, which we
dub fibrations, cofibrations, and weak equivalences (you can see by the naming conventions what features
of Top Quillen (who invented model categories) though were the most useful for doing homotopy theory).
These families of morphisms satisfy various “lifting criteria" and other axioms.

There are many categories which may be equipped with meaningful model structures, for example

• the category Ch(R) of chain complexes over a ring R;
• the category sSet of simplicial sets (these are objects which generalize CW complexes or simplicial

complexes and are defined without topology);
• sets with finitely many elements.

Associated to any model category is its homotopy category ho(C). This category is morally defined as the
universal category in which all weak equivalences in C become isomorphisms and there is a “localization"
functor

C→ ho(C).

https://kyleormsby.github.io/files/583/tda_notes.pdf
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The homotopy category is the “correct place" to do homotopy theory. There are many fixes to “bugs". For
example, in Top, it is possible that two diagrams of the same shape F : I →Top and G : I →Top may have
homotopy equivalent images while the limits and colimits are not homotopy equivalent:

limI F (i ) ̸≃ limI G(i ), colimI F (i ) ̸≃ colimI G(i ).

However, in hoTop, this problem is fixed by what are known as homotopy limits and homotopy colimits.
A very famous theorem of Quillen’s is that there is an equivalence of categories

ho(Top) ≃ ho(sSet),

thus the homotopy theory of topological spaces can be modeled purely by simplicial sets.
There has also been extensive study in recent years in the combinatorics of “transfer systems", which

are objects naturally arising from simplicial sets. More particularly, many people are very interested in the
number of transfer systems on a category with finitely many elements.

∞-categories. Morally, the theory of ∞-categories says to replace any set with a space. This is considered
the ““correct"" place to do homotopy theory, even better than a model category. It is, however, much more
complicated.

Here is some motivation. If X and Y are topological space, then one can consider morphisms between
them X → Y . If we have two morphisms f , g : X → Y , then we have seen that there is a way to pass from f to
g via a homotopy. In this way, we can think of a homotopy H as a morphism H : f → g . Now, suppose have
two homotopies H , H ′ : f → g . We could further construct a homotopyΦ : H → H ′.

X Y

f

g

H H ′Φ

We could continue this process on an on, forever. This is one of the key points of an infinity category: there
are higher morphisms that keep track of not only if two things are equivalent, but how they are equivalent by
remembering the function giving us the equivalence.

It turns out that a lot of times the language to speak about ∞-categories turns out to be the language of
simplicial sets. This is a very abstract topic, and simplicial sets give a tactile way to better understand how
this machinery moves around.

Kan extensions. Suppose we have a functor F :C→Dwhich we know a lot about or care a lot about. Suppose
also that I have a convenient way to take C to another category C′, which one should think of as some “base
change" or “Yoneda embedding" functor G :C→C′. The Kan extension of F along G is some choice of functor
Φmaking the following diagram commute:

C D

C′

F

G
Φ

This functorΦmust satisfy some sort of universality condition, and it may not exist. The slogan with Kan
extensions is all concepts are Kan extensions. This seemingly simple categorical construction is exceptionally
generalizable. For example:

• Let 1 denote the category with only one object and only the identity morphism. Let F :C→D be any
functor. Note that there is always a unique functor ! : C→ 1. There are two natural ways to fill the
following diagram:

C D

1

F

!
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These are the left and right Kan extensions of F along !. The left Kan extension defines colimI F (i ) ∈D,
and the right Kan extension defines limI F (i ) ∈D (if they exist).

• Suppose F :C→D is any functor. There are two natural ways to fill the following diagram:

C C

D

idC

F

The left Kan extension of the identity along F exists if and only if F is a left adjoint, in which case the
left Kan extension is right adjoint to F . Dually, the right Kan extension of the identity along F exists if
and only if F is a riht adjoint, in which case the right Kan extension is left adjoint to F .

Abelian categories. An abelian category is one in which we can “do homological algebra". More precisely, a
category C is abelian if:

• There is a 0 object (this is an object which is both terminal and initial);
• finite products and finite coproducts are isomorphic;
• If f : X → Y is any morphism in C, then f admits both a kernel and a cokernel;
• Every morphism is monomorphism is a kernel and every epimorphism is a cokernel.

Maybe more concretely, if C is abelian, then we get a lot of nice tools. The starting point is that the set of
maps HomC(X ,Y ) forms an abelian group under function addition. There are many abelian categories, but
the few to keep in mind are:

• The category Ab of Abelian groups;
• The category Mod(R) of modules over a commutative ring R;
• The category Vectk of vector spaces over a field k.

There are many things one can do with abelian categories. These categories are home to exact sequences,
admit nice categories of chain complexes, and are really a place where you can “do algebra" to answer
questions.

Symmetric monoidal categories. A symmetric monoidal category is one which “has a tensor product". More
formally, C is a symmetric monoidal category if for each object A,B ∈C, there is an object A⊗B ∈C, such that

• There is a swap isomorphism isomorphism

sAB : A⊗B → B ⊗ A

which is natural in both variables;
• There is a tensor unit 1which is compatible with swap isomorphisms;
• The tensor product ⊗ is associative;
• “Double swapping" is naturally equivalent to the identity.

There are many many examples of symmetric monoidal categories.

• The category of sets Set is symmetric monoidal under the cartesian product ×, and any singleton is a
unit.

• The category of modules over a ring Mod(R) is symmetric monoidal under the tensor product ⊗R ,
and the ring R viewed as a module over itself is a unit.

• The category of vector spaces over a field Vectk is symmetric monoidal under the tensor product ⊗k ,
and the field k viewed as a 1-dimensional vector space is a unit.

• The category of based topological space Top∗ of based topological spaces is symmetric monoidal
under the smash product ∧, and the 0-sphere S0 is a unit.

As one sees these types of categories appearing in the wild quite often, it is nice to have a toolkit to
work with them. One can also loosen some of the definitions to get braided monoidal categories. In these
categories, the particular choice of isomorphism A ⊗B → B ⊗ A becomes important data to keep track of.
These categories show up very often in knot theory (braids!) and representation theory.
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